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1 Introduction

The relation between inequality and efficiency bagn analysed for long in the economic
literature. Most of the related analyses have fedusn the interactions between inequality,
growth, and the income per capita. In this resptukge strands of approaches can be
distinguished.

Firstly, following Kuznets' seminal article (1955, number of theoretical and empirical
works have attempted to explain and verify the itegeU shaped relationship between
inequality and the development process

A second strand of literature is centred on theaichpf pro-equality policies, and particularly
redistribution, on production and growth. In purempetition, redistribution reduces
production because both levies and public transtsigce labour supply. In addition taxes on
both capital and capital income lower saving, imvent and growth. Redistribution is thus
bad for production and growth. However, within difpzal economy framework, this result
can be used to show that before tax inequality deslgrowth because the higher inequality,
the more redistribution is enforced by the mediatew (Alesina and Rodrick, 1994; Persson
and Tabellini, 1994). When inequality is harmfulgi@wth (Galor and Zeira, 1993; Maoz and
Moav, 1999; Glomm and Kaganovich, 2008), redistidoucan in contrast foster growth.

A third set of literature, often related to the\pogis, has focused on the issue: is inequality
good for growth and income per capita? Centred loysipal capital accumulation, a first
series of analyses answered 'yes' to this quegt®m@ matter of fact, if capital accumulation
is positively related to saving and if the rich Bavhigher marginal saving rate than the poor
(Kaldor, 1955-56), then a transfer of income frone fater to the former boosts capital
accumulation and growth. However, this positiviatienship has been questioned from the
empirical evidence that egalitarian countries (AsNICs) have experienced higher growth
than non egalitarian countries (South America afrcc&). A number of empirical works have
shown that growth was negatively related to ineitpudé.g., Persson and Tabellini, 1994,
Alesina and Rodrik, 1994, Deininger and Squire, 899n actual fact, when economic
development is not essentially based on capitalraatation, there are several channels
through which inequality tends to reduce growthisthy, inequality can make the poor move
from productive to appropriative strategies (Groasml991, 1994) such as strikes, revolts,

revolutions and criminal activities, which jeopamliproduction and growth (Alesina and

! see Anand and Ravi Kambur (1993) for a review.



Perotti, 1996; Sala-i-Martin, 1997). Secondly, inakty creates low mobility traps (Piketty,
2000) and poverty traps in human capital accumanathrough a number of different
channels: credit constraints (Loury, 1981; Galat Z@mrira, 1993; Barham et al., 1995), a fixed
cost of education (Galor and Zeira, 1993), a S-stia@ulucation function (Galor and Tsiddon,
1997), a neighbourhood effect resulting from loeaternalities (Benabou, 1993, 1996a,
1996b; Durlauf 1994, 1996), limited parental akri (Das, 2007). Galor and Moav (2004)
came to the conclusion that inequality is gooddmwth at the early stage of development
when growth is driven by physical capital accumaolatand harmful for growth at the later
stage when growth essentially depends on humatatapcumulation.

The existence of non-convexities is the usual d@rdifor the emergence of poverty traps
and these reduce growth when human capital acctiowla its driving force, either directly
or indirectly through R&D. Most of the approachesunder-education traps are constructed
within frameworks where higher human capital alwagsults in higher wages. There is
however another simple reason why certain indiMgluamain unskilled, which is that
unskilled workers are necessary to produce (Baudnd Hellier, 2006). Assuming this, the
wage of unskilled workers tends towards infiniteawhhe utilisation of unskilled labour tends
towards zero. If the quest for higher earningshis teason for education, then there will
always be a number of individuals who will choosestay unskilled, even without being
constrained in their educational choice.

In this article, an intergenerational model of hantapital is constructed that assumes that
both skilled and unskilled labours are necessarprtmluce. To be in the most favourable
situation for education, we also suppose that ithe spent for studying is the only cost of
education. In particular, the market for credipesfect, the interest rate is assumed to be nil
and education expenditures are publicly funded.thiée show that there is a continuum of
Pareto-optimal steady states over an interval afp@rions of skilled workers in the
population. However, only one of these steady steteefficient in terms of net income per
capita. There is then skill gap when the steady state is characterised by a sifisskilled
workers that stands beneath its efficient valuetebzh the efficient steady state, it is possible
to support education during the transitional dyr@min this respect, it is shown that the
policy maker must provide the less skilled familsh more educational services than the

highly skilled families.

2 Except in Das (2007).



Section 2 presents the production technology amdrétated factor prices (wages). The
individuals' educational strategies and the possiitbady states are examined in Section 3.
The efficient steady state is then determined hadtase of skill gap is defined (Section 4). In
Section 5, the transitional dynamics and the eduwmal policies tailored to reach the efficient

steady state are analysed and simulated. The cioictuare presented in Section 6.

2 Production and wages

2.1. Technology and production

There are two factors of production, unskilled kablo and skilled labouH.

L consists of simple occupations for which no gkiltequired. IrL, one unit of working time
represents one unit of labour, whatever the indiaid human capital.

H consists of skilled occupations of different coaxily and perfectly substitutable.
Individuals’ occupation complexity is proportiondb their human capital, and the
contribution toH of one individual’s unit of time is equal to harrhan capital.

This definition of skilled and unskilled occupatiis suggested by Atkinson (2081)

The economy produces one good, the price of wisidh with the Cobb-Douglas technology:
Y= H L (1)

where Y, ,

H, and L, respectively denote firni s production and use of skilled and
unskilled labour at time

Firms are in perfect competition on both the mafeeigoods and the markets for skilled and
unskilled labour.

We finally suppose that skilled and unskilled latsodo not need to be utilised at the same
time in the production process. In a model withcessive generation, this assumption is
necessary to ensure that the unskilled can worlkewthie future skilled workers are in

education.

3 Atkinson (2001) assumes two types of industrye @mwhich output is proportional to individualsirhan
capital, and the other in which all workers arealyuproductive, whatever their skill.



2.2. Wages

The firm’s profit maximisation determines the facttemands, and thus wages and the unit

skill premium at the macroeconomic equilibrium:

w, =[L-a)(H, /L)’ 2)
w, =a(L/H)™ ®3)
Wy - @ L

w, 1-aH, @

w,, is the wageper unit of human capitalw, the wage per unit of unskilled labour, ahd
and H, respectively the amounts of unskilled and skillabur used in production at timhe

Let us consider an individual provided with humapital h at the end of her education time.
We suppose that there is a proportional incomethaxrate of which isr. The individual
perceives the after-tax wagg =(1-7)w_ per unit of working time when she works in an
unskilled position, and wagey, = I w) x h per unit of working time if she works in a

skilled position. Individuals may choose betweemg$er human capital to work in a skilled

position and working in an unskilled position iniah her human capital is useless.

Lemmal: At timet, all workers whose human capital is lower (hightagn w,,/w, are
employed in unskilled (skilled) occupations.

Proof: An individual with human capitdl at timet only decides to fill a skilled position if

A-rw,h=A-7)w,, i.e. h=w,/w,. In contrast, she decides to work in an unskilled

position if h<w,/w,.

Definition 1: Theunit skill premiumat timet is the ratiow, = w,, / w, of the wage of one unit

of human capital working one unit of time on thegeaof one unit of time in an unskilled
occupation.

Note that the skill premium of a skilled worker pied with human capitah is then

w,, h/ w, >1 since, as she has a skilled occupatior,w, / w,, .



3 Individuals and Education

We consider a succession of generations with teesaumberM of individuals. The
successive generations linked by a parent-chilticeiship form a dynasty. The individual of

dynastyj and belonging to generatiois called ‘individualj(t)".

During their childhood, individuals receive dirgcttom their parents, e.g. inside their family,

a basic education that depends on their parentsahicapital.

Being adult, individuals live one period of timeethcan divide between schooling and
working. The government provides free educatiorth® individuals who decide to go to
education. Pursuing education is a choice of thévidual who takes her decision by
comparing the related income benefit and cost #l$0 assumed that the market for credit is
perfect and that the interest rate is nil. Thessumptions are tailored so as to place

individuals in the most favourable situation foeitheducational choice.

Each parent gives to her child a proportiarof her lifetime income as a bequest. This

corresponds to a lifetime utility functiom= (1- a)logc+ alogb, wherec is the individual's

consumption andb her bequest to her child, coefficieamtdenoting the parent's altruism. We
assume that this bequest is given as goods andhtbse are always sufficient to ensure all
children’'s consumption during the schooling timeateker its utilisation (to be consumed or
to be sold). These assumptions have no impact@stdady states. They just guarantee that
all the children can either receive, or find on tharket the goods they need for consumption
during the education time. Their waiving would impb introduce overlapping generations so
that the economy can produce goods when skilletvichehl are still educating themselves
(because skilled labour is necessary for produgtiwhich would not modify the steady states

but would make the transitional dynamics far mamplex and difficult to analyse.

We finally suppose that the contribution of anyiundiual to the total amount of unskilled or
skilled labour is negligible so that she does rmtoant for the impact of her decision on

wages when making her educational choice.



3.1. The education function

The intra-family externality produces individya basic human capital according to the

following function:
n
h; =3(hy(-n) (5)

h; is the human capital acquired by the individughim her family, andh; (-1) her parent's

human capital. We suppo€e< 7 <1, which indicates that the marginal impact of ititea-

family externality is decreasing.

The education function if; = max{Je] fg _lj'l} , with 0 being the productivity in education

that is determined by public expenses in educaf@rgenous for the individual)e;
individual j's schooling time, an@< £ <1. This function shows that the individual's human
capital cannot be lower thah; (intra-family education) whatever her educatiometie; .
When effective 6ej£_r] > ), education thus depends (i) on productivdty (ii) on the time

spend to study; with decreasing returns, and (iii) on the intreafiy acquired educatiof; .
In addition, there is a minimum schooling time &atucation to be effective, i.e; > o e

(becauseJejfl] > h), which creates a non-convexity in education. $Wew hereafter that

this condition has no impact on the individual'sidien.

Because of (5), the education function can thusiitéen:

£ 7 . £
hy = o0 (h(—l)) it e>a5"Y ©

h; otherwise

Definition 2: thelifetime skill premiunof individualj who is endowed with human capita
and works as a skilled worker is the rate w, (1~ g) h/ w of her lifetime labour income
on the lifetime labour income of an unskilled warke



3.2. The choice for education

Individuals pursue education so as to improve thigtime incomes. We denoté the
optimal education time when the individual goesethucatiofi and h; the related human

capital:é:argmaxlj :ahé'g'(l—eJ )f( p(—l))n, and ﬁj :5éé‘9( h (—1))'7.
o

]
The individual's net income isIAJ-=cq4(1—é)ﬁj if she pursues education, and

max{cq_ ,cqmj} if she directly joins the labour market.
For individualj to pursue education, the related income must ghehithan the income

without education:ay (1—é)ﬁj > max{cq_ %_r]} When this is the case, the condition on
human capitaﬁj >h (the human capital with further education mushigier than her basic
human capital) is always fulfilled.

By inserting ﬁj = 5Q'é€( h (—1))’7 and h; =é( hy (—1)),7 into wy (1- é)f] > ma>{ w \44_51} we
obtain after rearranging the following conditionsgpursue higher education:

1/n
/ |
“J'HP(%] oW >wh - heD<(wow)” @
1 |
o fow<wly o £ 3 (w dw)” ®)

Feature (7) provides the condition foto go to education when her intra-family acquired
human capital would make her select an unskilleditiopm at the end of childhood (i.e.,

without education), and feature (8) the same cardivhen this human capital would make
her choose a skilled position.

Lemma2: Nobody pursues education when productivitys lower than ((1— é)éf)

Proof: To prove lemma 2, it must be shown that dod(7) is not fulfilled when condition
(8) is not fulfilled. Condition (8) is not fulfilleé when 1/0(1-&)& >1 and condition (7)

* Subscripj indicating the individual is omitted because, lasven hereafterg is the same for all individuals.



applies when w >wyh, ie. w /wy >§(hj(—1))'7. By putting together both these

1/n
inequalities we obtaith; (-1) < L\I\fﬂ , which shows that condition (7) is not et
o(1-€)¢

Let us now suppose that conditia>1/(1- €)& is fulfilled. As a consequence, individyal

such that h;(-1)>(w_/dw, )1/'7 goes to education (from condition 8). In addition,

1in 1in
o> can be written after rearrangFm{ ARAL j <(V\UW‘] . Consequently, all

1-8)F D(1-8)F )

1/n
the individuals such asLVi“A <hj(—1)<(vx(_/§v¥,)1/'7 educate themselves
o(1-8)&

W /Wy
3(1-&)&
necessary and sufficient condition for an individua go to education is thus:

1/n
(condition 7) whereas the individuals such h§(—1)<£ ] do not. The

1/n
h;(-1)> L\Aﬁ . The individual's education times is thus determined by the
d0(1-é)&

following programme:

1/n
é:argma{ahdé(r ek r,-l(—l))") it b 4 1}(—‘%"“4 j

€= B(1-&)

0 otherwise

The corresponding value o& is":

&

And conditiond >1/(1- &)& is:
o> @1+e)*E g8 (10)
1/n 1/n
5 1 1 1 1w _ W /W,
o< - >— and > - | —— > h(-1) entailh (-1)<| ————— | .
-8 1-9€ O " (é Wy ] ! ' (Jé(l—é)égj
1/n

-1 -1/
65> ((1— é)ég) - (5(1— é)”é) " <1, and multiplying both sides of this inequality by, / dw, )

"0l /0e=ay 5'(hj (—1))'7 (e -(1+6)€)=0= e=c/(l+¢)
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It can be noted that the condition for the efficigrof educatione > oY s always fulfilled

whene= é:1+i and > (1+&)"*¢ /&° becausee>d V¢ « 3>((L+¢g)/e)’.
£

We can consequently state the following two projmss:

Proposition 2 Nobody pursues education when the productivdly is lower than
A+ e)re ek,

+

Proposition 3 Assume thad > (1+ 5)1 ¢ /&% . Then, at any time t, there is a threshold value

(1+ £)1+E Wi l/”
of their parents' human capitad Z(VA] below which individuals do not go to
0 Wit

education and above which they allow tige £(1- 5)"1 to education.

The values oh; and!,; corresponding t@ are:

&
~ £ 7
h—@(mj (hj (‘1)) (11)
A~ gE [7
i =y 00————h; (- 12
J Cq-|—(1+£)1+g(J(l)) ( )

Remark: if the interest rate was not nil, the optimal eahion time would be the value ef
that maximises the lifetime earnings= J"jwexp[—rﬁ]ht (5)dg with h = 30¢€ (h_,)7. This is
the unique solution of equatioa(g =(& - et)exp[ r(1- ej—e‘: C, and this optimum is

decreasing with the interest ra@(dr <0) andé=¢/(1+¢&) forr=0.

3.3. Public education

Education is freely provided by the government &mdded by a tax at rate¢ on the
preceding generation's income. The educationalredipee is thus totally defined by the tax
rate 7 and it is assumed for simplicity that the produggmbd can be utilised for the
educational activity.

The educational policy determines the efficiency in educatidnaccording to the following

functions:

3=0(ry,/m,)’ (13)
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Subscript (-1) indicates the parents generatign;=Y_,/ M is the real total income per
household;0 < £ <1 indicates that the marginal efficiency of publdueation expenditures is
decreasing;m, denotes the proportion of skilled households ia fopulationM, and

m_=1-m, the proportion of unskilled households.
Equation (13) can be rewritted:3(rY_l/ m, M)E. Thus, the efficiency of the educational

policy depends on the educational spending peestudY_,/ m, M).
We also suppose thgt+af <1, i.e. that the marginal impact of public expendition the

income per head is decreasing.

It can firstly be noted thad typically changes over time since it dependsyon

A+ ey™ wiy

1/n
P j we obtain:
0e™ Wiyt

Secondly, by inserting Relation (13) inlp:{

1/n
h = (1_+ e my” wy (14)
OO %y, 1P Wiy

For a given tax rate , the value of thresholdh varies over time and depends owy;, Y_;

and Wy / Wy, -

Thirdly, conditiond > (1+ £)*¢ /£° now becomes:

>{Q:Qiymzu (15)
oef Y.,

Relation (15) shows that the only situation in vwhioobody goes to education due to

L+ &)™ jw 1

is whenrt < — — (because M is the lowest possible
ot Y,

condition o>

(1-8)&

value ofm, ).

It must finally be noted that, sina@ is the same for everyone, all the individuals wjaoto

education receive the same amount of educationatsdrom the government.
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4 Steady states, equality and efficiency

4.1. The steady states
The steady state values are depicted by a star (*).

Lemmas3: If the successive generations of a dynastyal@a to education, this dynasty tends
towards the human capital* with:
1

h* = o (15)

1
Proof: h* = él'” is the stable steady state of dynanﬁg;e) =J ( hj (t —1))/7 .

Lemma4: If the successive ggnerations of a dynastyusutsgher education, this dynasty
tends towards the human capitet with:

&

1 A £
ﬁ*:@)l—n( ry* jl-ff( £ jl—n (16)

my * l+¢

&

. 1 £
. E n. = 1= & Y-
Proof: The st tate of %)= —— -1 *= N— - A
roof: The steady state of dynamissy) @(ng (h(t )) is h* =(9) (1+£j s

1
- _ __ i 14 1
3=3(ry*/ m,*)’ atthe steady state, thévi =(30) ™ (1y*/ my* )iy (ijl T

1+¢
Let w_ * and w, * be the level of the unit wages at the steady ft@éeconsider here one

particular steady state since there is an infinitenber of them as shown hereafter). Then, the

existence of an under-education trap is conditidmgdhe fact that the steady state without

higher educatiorh* =§1/(1"7) is lower than the threshold under which individudécide not

*
to pursue higher educatidn=(w_*/ Jw, *)1/'7: h<he WL*<Q—1/(1"7),
W
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Proposition 4: The tax rater being given, the economy exhibits a continuunteafdy states
corresponding to althe proportions of skilled househofd, * belonging to a certain interval

[r_m*, m, *] and characterised by the following features:

vr (4 1) o va\rep
1) Production per household ig = J_JTﬁef(ngj (m*» * (( ng) “( nt) )1""”‘*

*

1
(. e ¥ AN\EDB\1--ap
2) All skilled workers possess human capitak 5§rﬂ (1Tj (1+£)_“/3 (ﬁj
€ MH

and all unskilled workers human capitiat = él/(l"’”.
1

_ DB i-ap
3) Skilled labour is H*=m,* M Jgﬁgf@+g)‘(1+5"7)(_L j and
my, *

unskilled labourL* =m * M.

1+ 1+e-n \Y77B\1-n-ap
4) The unit skill premium i:w*=1aa(( 5;2355 (:;L j , the skill premium
—_ _T *

a=ws i = +£)L M " and the lifetime skill premiurss =9 M-
l-am,* l-am, *

5) All these equilibria are Pareto-optimal for avgn value of the income tax rate

Proof. Interval [mj, r_n'*] is built as follows:m, * is the lowest value ofm, * such that
children from unskilled families decide not to pugshigher education, and, * the highest
m, * such that children from skilled families decide porsue higher education. The
analytical determination ofn, * and m, * is described in Appendix 1, as well as the proofs

of the five features of proposition 4.

It can be noted that all the steady state valuespbh* depend on the educational policy

becausam, * depends o (see Appendix 1).

4.2. The efficient steady state

Let z=(1-17)y be the net income per capita (households), ieitbome per capita net of

educational expenditures.
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The net income per capita at the steady stare #1 - 1) y* , and thus:

(1-a)1-n)

— — by £ 1 e *\ 1-17- * a nap
z=(1 T)(Jérﬁf [mj (M) (m*) J (17)

Proposition 5 There is one efficient steady state in terms of inebme per capita
characterised by:

1) The income tax rat¢ =afB/(1-n).
all-n-p5)

2) The proportion of skilled workers in the wiagkpopulationm, = \-n-ap

Proof. The efficient steady state is determined by masimg the net income per capita.

Conditionsdz*/ dr =0 and 0z*/om,* =0 respectively determine features 1) and 2) (see

Appendix 2 for calculations).

The tax rateT may be seen as determining the 'golden rule' ef todel because it
maximises the net income (and thus consumption)cpeita for a given share of skilled

workers at the steady state, * .

It is important to note that the optimal tax rdtas independent from the proportion of skilled
workers at the steady state. Ligt and r?h be respectively the values of, * and m, * for

r =7 (the values offh, and r?h are given in Appendix 3). Then all the shams* inside
interval [r_ﬁ4 , ﬁL ] combined with the tax raté are Pareto-optimal steady states (because of
feature 5 of Proposition 4). Among these Paretirugdt steady states, the one with

. _ald-n-pB) . . . o - . :
_ad-n-p) is efficient since it maximises the net income qagpita.

1-n-ap

Table 1 depicts the values of the variables comedimg to the efficient steady state

Table 1: The efficient Steady state

h W & 5
e (1-a V" a ) e (8™ a ' @-np e | (@) | 17
1+€)“””(1-f7—ﬂj (1—0) e (Hj A-n-pF* B | Y
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From Table 1, it can be seen that the efficiertiliie skill premiums is higher than 1, i.e.,
that skilled workers earn more than the unskilleéraheir lifetime at the efficient steady
state, which is of course the condition for thiesasly state to be sustainable.

ald-n-p)

It must finally be underlined th =
y ah, 1-n-aB

is a steady state only if it is located into

interval [r:m : ﬁh] If i, < M, , thenrm, is the most efficient steady state. Similaniy, is

the most efficient steady state wheq > ﬁp .

4.3. The skill gap, equality and efficiency

Definition 3: There is &kill Gapwhen the differenceg = M, — m, * is positive.

Thus, there is a skill gap when the steady stateh#gacterised by a proportion of skilled

workers lower than its efficient valua, .

Proposition 6: In case of skill gagm,* < fy, ), higher equality and higher efficiency are
complementary goals over a certain interval of pgns of skilled workers.

Proof: This is straightforward because (i),* < m, and (ii) a higherm, * induces lower
inequality. The lower limit of the correspondingerval is proportionm, *, and its upper
limit is the proportion aboven, that allows to reach the same income per capitaas.

In a number of situations, the two objectives gfheir equality and higher income per capita
are thus complementary. In contrast, there is amalay-efficiency trade-off when the

proportionm, * is higher thanm, at the steady state, i.e. in the casskif excess

Firstly suppose that the social planner has a singjective that is efficiency. In the case of
skill gap, her search for efficiency wilpso factoinduce more equity, i.e. less inequality.
Suppose now that the social planner's goal is tidpfoe. a weighted composition of
efficiency and equality, the first being measurgdte net income per capita and the second
by the skill premium at the steady state. The méation of the social planner objective

function determines one steady staig that is optimal to her, and thus one income per

capita y and one skill premiumw. Let (y*, LU*) be the couple (income per capita, skill



16

premium) that emerges without change in poliey. Efficiency and equality are

complementary whery €y andw *>@.

5 Transitional dynamics and educational policies

The initial distribution of human capital acrossndgties and the educational poligy
determines (i) the initial distribution of individis (generation 0) between two sets of
workers, one skilled and the other unskilled, anyl the distribution of their children
(generation 1) between these who go and those whaad go to education. If thi
individuals are ranked in ascending order of humapital, individualf such thath; > Mo
Who

Wo o0 W (1l-a) : , :
and h,_, <—=, with % = Zhj (relation 4) separates the first two sets. This
Wy o W, a(f-1)=

determines the initial produdf, and product per househoig. From this initial situation, the

successive generations of individuals will divideemselves between those who choose
education and those who do not, and consequertiheke skilled and unskilled workers.

We firstly show that, for a given educational pgland under rather weak conditions, the
initial distribution of dynasties that results frotie initial decision to go or not to go to
education determines the segmentation betweeredkidhd unskilled workers over all the
following periods. We subsequently assume a sdnabf skill gap and we analyse the
educational policy patterns that make it possiblentrease the number of skilled workers. A
series of simulation are finally carried out sd@8lustrate these findings.

5.1. Transitional dynamics

Let us assume that the following three featuredyaglpover the transition to the steady state:
(i) h>h*, (i) H, does not decrease for a given,, and (iii) 7 remains unchanged.
Assumption (i) signifies that the thresholy above (under) which individuals choose to

educate (not to educate) themselves is higher thanhuman capital of non educated

individual at the steady state*. This is always the case, at least after a nurabgeriods,

because otherwise no one would select to be uedkihich is impossible. Assumption (ii)
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stipulates that when the proportion of individualeo choose to go to education remains

constant, then the amount of skilled labddy does not decrease over time. This is normally

the case, except in the very unlikely situationwihich a majority of individuals initially
possess a human capital higher than that of thledkvorkers at the steady state. Assumption
(ii) signifies that we consider a given and unafech educational policy. Assuming these

three features, the following proposition may bialeléshed:

Proposition 7: All the descendants of the individuals who seleatducate themselves also
select to educate themselves, and all the descenddnthose who select not to go to

education do not go to education.

Proof. See Appendix 4.

Proposition 7 shows that, under rather weak camulti the initial distribution of individuals
between these who go to education and those winotjaotally determines the segmentation
of dynasties between skilled and unskilled workersall the following periods as long as the
educational policyr remains unchanged.

From this result, it is possible to derive thedaling two lessons:

1. The initial distribution of human capital acrodgnasties and the educational policy

determine the initial proportiom, of dynasties who decide to pursue higher educatod

this proportion does not change over time as latha initial policy is maintained.

2. The only way to change proportion, is thus to modify the educational policy.

5.2. Skill-enhancing educational policies

Let us suppose that the initial proportiof, of dynasties that opts for education is lower that
the social planner goah, . The setting of a skill-enhancing educational potian be seen as

a means to increasmH .

Equally distributed public education

If the educational policy takes the form definedrblation (13), i.e. when public education is
equally provided to all the individuals who choasication, then an increase in the public

expenditure for education, i.e. a riserinis the only way to support education.
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Proposition 8 A policy that modifies the amount of public expamdi for education and
provides everyone with the same education senhessno impact on the distribution of
individuals and dynasties between the educatedthadnon-educated, and thereby on the

distribution of the working population between lekiland unskilled workers

Proof. see Appendix 5.

Proposition 8 reveals that a greater effort in ubtiucation has no impact ean, when this

education is the same for everyone. This is becausge in7 has two opposite effects on

(1_"' e my” w,
0T el Yy Wit

1/n
threshold ={ j . On the one hand, it directly decreadgs(through

r#) . On the other hand, since it raisds=dd(ry_,/ m, )ﬂ(1+i} (h-n)", it increases
2 |

~
Wit
Whit
It must finally be noted that Proposition 8 is onkhalid because we assume perfect

expectations, i.e., that individuals perfectly eipi@ate the variation ofv, / w,, induced by the

1-a H
SLmLALY by the same amount. These two effects offset etiadr.

increase in human capital that derives from higbkgucational expenditures. With myopic
expectations, individuals would not integrate thelcoming increase i, /L, in their skill
premium expectations, and higher public expendstui@ education would then reduce

thresholdh, and cause a number of individuals to pass fromauhrcation to education.

Specific action in favour of the poorest

The policy maker can however modulate her educatieffort according to the position of
the family on the human capital scale, and themiyhe parent's income. This consists in
changing the educational pattern (13) and to repilaicy a system that boosts the educational
services received by the families with low humapitzdh endowments. This specific action

supposes that more educational services are govéimetlow skilled than to the high skilled
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familie?. We can thus consider two public education fumstjmne that applies to relatively

low skilled families @), and the other to the relatively high skilled} \:

6,=5(ary,/m,)’ (18)
B
5, = 5[%} (19)
(1_ | )mH

With g being the share of the total levies allocatechtolow skilled families anélthe share

of the relatively low skilled families in the poption that goes to education. Since

J:E(Ty_llm)ﬂ, equations (18) and (19) may respectively be emitd; :(q/I)ﬁJ and
PR

o, :(11—?) 0. Logically, g> 1| is the condition for such a policy to favour tldueation of

the children from low skilled families, i.e. fax > 9,.

Several conditions must be met for such a polidygtégmplemented:

1. The social planner must determine the threshudtl $eparates the relatively low skilled
from the relatively high skilled families, i.e. @/l of the parents’ human capital under which
the supply of educational services follows relat{@B), and above which it follows relation

(19). Note that this threshold must typically bghwar than the valug corresponding to the

universal education function (13). As a matterautf since there are two different regimes of

public education, these define two different thoddl of the parents’ human capital for
1+e 1/n +e 1/n
choosing educationh :[%ﬂ] for the low skilled andh :[@EJ
Q0" Wiy O " Wyt
for the high skilled, withhy; < h < hy sinced, > > 9, (see Figure 1). This shows that these

dynasties that would have chosen to go to educatitnthe universal system described by

equation (13) and that stand in the vicinity lpf will choose no education if the threshold
from which the education system (19) (for high Iskilfamilies) applies iy . To prevent this
unwilling result, it is thus necessary to chodsg as the parents' human capital threshold

under which the education system for the lesseskithmilies applies.

® The term 'specific action' is preferred to 'affiime action' because the latter usually relateshaic-oriented
policies.
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Figure 1: The pattern of affirmative action towardsthe less skilled

2. The choice of the proportiog that makes it possible to reach the objectivg, is

independent of the tax rate, provided that conditiony, > (1+£)*¢ /¢ is mef. Of course,

the tax ratef must be chosen sooner or later if the social gatargets the efficient steady
state. During the transition to the steady stdte,sbcial planner can however choose the tax
rate according to her preference in terms of traffidsetween the net income of the actual

generation of parents and the speed of the trangtiocess.
3. At any timet, there is a set of policies defined by the couftgs) that make it possible to

reach the social planner's gaa|, . These policies are such that [‘il)[l_’ln, hnax;] =my M,

Bin s e
(il |=—N~[Dlt’£|2t], (i) D_zt:[qa")j () @zgﬂ(l-q)ry_lj et

I(1-q) (@=1my g

(v) 0<qg<1. The parents being ranked in ascending order ofanuoapital, condition (i)

my X hy

determines the parent's human capitgl such that the number of dynastibh{bn, hmaxt]

into the interval[hn,hmaxt} (hmaxt being the highest parent's human capital) accdionts

the proportionm, of the dynasties (Figure 1). Condition (ii) deteres the proportioh of

families the social planner must consider as ldgked and thereby integrate into the

educational patter@; (Figure 1). This condition defines an increasingction betweenh,,

and |. Condition (iii) is determined by inserting retats (18) and (19) into

®As >3, thend, >(1+&) " 165 =5, > (1+e) " I£°.
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1+g L +& Ln
hy = Arey " wi andhy = +e) Mt | condition (iii) thus provides a relation
1t 5E° W 2 SE Wy

Ht t

betweenh 5, g andl. Combining conditions (ii) and (iii) definésas an increasing function of
a: q=q(l) with ag/al >0. Finally, insertingg = g(l) into inequality (iv) and assuming
0<qg<1 (inequality (v)) determine all the set of policiés q) consistent with the social

planner's goan, .

4. The sooner the policy is carried out, the easisr As a matter of fact, the later the policy
is implemented, (i) the lower the unskilled dynestdescend on the human capital scale and

(if) the more thresholdh; decrease, and the more intense must the edudgtioiiey be.

5.3. Simulations

A series of simulations are now implemented thdisas plausible values of the parameters
to illustrate the model's findings. These simulagiartan in no way represent a realistic
situation because, as already mentioned, the nsaakdumptions are chosen so as to be in the
most favourable condition in terms of educationtgowhich tends to increase the number of
individuals who go to education. They only show tbases of skill gap are likely outcomes
even in this optimistic situation. We present tlesuitts provided by one set of plausible
parameters, all the other simulations implementediny produced the same general
outcomes (available from the author upon request).

Table 2 depicts the model coefficients and the irduschooling timeg, and Table 3 the

related couple(f,rﬁH) at the efficient steady state and the correspgndatues of the model

variables.

Table 2: The model parameters and the schooling tien

a n £ 3 5 g &

0.6 0.5 0.2 1 4 0.2| 0.1a7

19" condition (i) yields h, =h,(l) with oh,/dl>0. Condition (ii) can thus be written

(h,n)"”
(hy) ™7 07 -1+ (h,))""*

g= , which determineg = q(l) with dq/dl > 0.
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Table 3: The efficient steady state

A

y W w S

A A

Eo oM,
0.24 | 474 1

|=
| Sh

81 219 0.29 2 1.67

Coefficient a is such that skilled labour represents 60% oftttal wage bill. In fact, we
know that in the long term the 20% highest incomegsesent 50% of total income for the US
and the UK (Lindert, 2000). As the calculations tbe selected parameters show that the
share of skilled workers in the working populatienof about 38%, and accounting for the
fact that capital incomes are more unevenly distet that labour income, a share of 60% of
the income going to the skilled is an acceptablenasion. Coefficient; is consistent with a
number of estimates of the elasticity of the cldfds education with respect to their parent's
(see Solon, 1999). Coefficiert is selected so as to make the education time gepte
between 15% and 20% of the lifetime.

Two sets of simulations are implemented. In thet,fivee suppose that the population is
initially formed of 10000 groups that are uniforntistributed and ranked in ascending order

over interval [hmin =0,h ﬁ:6.81] We also assume that each group comprises one

dynasty only so tha = 10000. In the second series of simulations, s&@e a more

uneven initial distribution of human capital. To giify, we start from an initial situation in
which 10% of the population possess human cam'J;g,L:ﬁ=6.81, 60% possess human
capital h;, = h=1, and the remaining 30% are uniformly distributeteen these 2 values,

i.e. over interval[1,6.8:]. These proportions broadly reproduce the shargiseoindividuals

with higher education, with primary education amshéath, and in between, in the population
over 25 years old in the advanced countries (Alisfr&anada, Japan, New Zealand, the US
and Western Europe) in 1970 according to Barro ael(R000) calculations.

In both cases, we calculate (i) the distributiortha initial generation (generation 0) between
skilled and unskilled occupations, (ii) the distiilon of their children between these who go
to education and those who do not, (iii) the cqroesling steady state, and (iv) the related

position of this steady state in relation to thigcesfnt one.
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Table 4 describes the proportion of skilled workéng, value of the net income per capita
(efficiency index) and the value of the lifetimdlkgremium (inequality index) at the steady

states corresponding to the two different initisluations in terms of human capital

distribution, with7 =7 in both cases. These values are compared with ttethe efficient

steady state.

Table 4: Comparison of the different steady states

Configuration m, * Skill Gap? y S
Uniform distribution of human capital m, * = 54.4 -7 y*=1.37 §*=2.46
Non uniform distribution m,,* =0.379 9.5 Y,* =137 s,*=2.46
Efficient steady state m, =0.474 0 y=1.40 §=1.67

a A negative value reveals a skill excess
5.4. Results and discussion

The different simulations implemented lead to tH®Wing results:

1. When the individuals are initially uniformly diouted over an interval of human capital
[min,max] with h, <h,., and h,, =0, then the spontaneous dynamics results in a skill

excess, i.e., the proportion of skilled workersigher than its efficient value. This result is
consistent with the large number of simulationslengented with different plausible values
of the parameters.

2. When the initial distribution of human capitakr@ss dynasties is more uneven, thereby in
line with the distributions observed in the realrldpthen all the simulations reveal a skill
gap. The comparisons between the attained steai® stad the efficient steady states show
that the efficiency gap (difference between thepaksble income per capita in the two
situations) is rather small whereas the differencahe lifetime skill premia are rather
substantial. This reveals that correcting the gjalb by an adequate policy can only slightly

improve efficiency, but it can significantly reduicequality.
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6 Conclusion

We have analysed the human capital dynamics andistiebution of families between the
skilled and the unskilled when production requitee use of both skilled and unskilled
labour. In such a framework, the division of dymestetween the skilled and the unskilled
and the corresponding steady state totally depenttheinitial distribution of human capital.
We have shown that there is a continuum of Pangtional steady states one of which only is
efficient. As a consequence, the economy can genskdl gaps i.e., situations in which
inefficiency results from a lack of skilled workeis this case, efficiency and equality are
complementary goals of the policy maker. In additian increase in public educational
expenditures that provides everyone with the sameuat of educational services does not
permit to increase the number of dynasties thafapéducation, and thereby the proportion
of skilled workers. A specific action that allocateore education to the less skilled families
only is necessary to achieve this objective.

The model is built within a very simple frameworkthviperfect competition on the credit
market, an interest rate that is nil, and educabeing publicly funded without impact of the
families' incomes. These simplifying assumptions @resen so as to minimise the factors
that create inequalities between families in tleeiucational decisions and to limit the cost of
educating to the only time spent for education. ®hky factor of inequality persistence is
thus the existence of an intra-family externalitythe education function. Less constraining
assumptions such as imperfections on the credkehaa fixed cost of education and/or local
externalitiesa la Benabou (1993, 1996a and 1996b) etc. would oblyjom®duce a more
realistic picture. This would typically reinforceettindings of the model by increasing the
number of individuals and dynasties that chooseeteain non-educated. An interesting way
of extending the model would also consist in dmishing basic education from higher
education. In the approach developed here, basication is provided inside the family
through externalities. A more accurate way of mimgwould be to insert these externalities
into a basic education function that could alsoethelbon public spending. This would in
particular permit to address the issue of the ieffic distribution of public expenditures

between basic and higher education.
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Appendix 1: Proof of proposition 4

Determination of m, * and m, *: We place ourselves at a steady statg.* is the lowest
value of m,* such that children from unskilled families decidet to pursue higher
education, andm, * the highestm, * such that children from skilled families decide to

pursue higher education.

1/
1+ &)+ ew, . .
()f'- that separates individuals who go to educatiomfro

The thresholdh =(
Wh

(1+£)l+£W * 1n
—Lj . We obtain after replacing

£

those who do not, is at the steady stdite=
O3 W, *

w_*, wy * ando by their values:

1/n

__N\Un =, 1B « L7778 \ln-ap
N e A BT e P
a (1+ g) £ 1-my, *

The condition for children from unskilled families decide not to pursue higher education is

h* < h* | which gives after rearranging:

my*>my* = ! 1
ap 1-n-ap = n+ap 1-n-p6
L (1-a o€
1 7
1+ é 7 ( a j [(1+£)1+€J (1+ E) T,B

Secondly, the condition for children from skilleahfilies to decide pursuing higher education
is h* > h* , which gives after rearranging:

* e Tk — 1
mH<m-|— 1

1-a 1-f7-a/3(55 W-n)la g J”ﬁ 1+(-ayp-n-p

a (l+ 8)1+£—I]
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Finally, inequalitym,* < m,* can be easily verified®?

1 I3
_ _ B 1-n
Proof of feature 1: By inserting h* =(39)*™ (ry*/ my* )iy (1%}1 7 (relation 16) and
£

(1-8) =(1+£)™" into H* =(L-&) m, MR*, we obtain:

R A
H*=(1+¢&) 1 (my®) (3717 (y )ap e M (A1)

Inserting this relation andL #m M into y*=H*? *'% M, we determine after

_ C(epse IR o\
rearranging: y* =(38r%* (L+ )" (m,) 7 |7 ((mp) 4 ) T Joon,
Proof of Feature 22 h* is calculated by inserting® as defined above into relation (16), and
hr = ) is given by relation (15).

Proof of Feature 3: H * is calculated by inserting* as determined in Feature 1 into (Al).
The determination of * is straightforward.

Proof of Feature 4: by insertingL * and H * into (4), @* =w* h* ands=w, (1- g)h/ .

Proof of Feature 5: the higherm, , the higherey * and the lowerw, * h* because (see the

a (1-a)(A-n)+ae
* [ 1-r)a(l-a)lo'e )t (1+e) 12
technical note) oc, T :—( Ja )( )a ( )2_0 <0 and
om, (@+ae)(m *)" (m,*)
* 1oE % -(1+a) a-1
ow * _a@ra)de ) rm I,
am, * as+(1ra)in)
al+e) 7 +(1+a)
Appendix 2: Proof of Proposition 5
The net income per capita at the steady state is:
— 355 o€ 1 e *\ B e x| a 1-a 1—2_17”5
7 =(1-17) @rf(mj () () (e )

a

ap _ 1 1+&-n 1--ap . 1-n
1) z = C x(L-1)r*"% , with C, =(@f(mj (nh*)_ﬁJ (( m*) “( n*) _”)l-fl-aﬁ
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Appendix 3: The interval [ i, m, | at the efficient steady state
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Appendix 4: Proof of proposition 7

L,

: W a H "L 9 .
By inserting Ht=—"_"* andy,_,=—tL 1 into h =
y g w, 1-a H, Yi-1 M h

1/
(L+£)*m,” WLtJ ”
30rP €8 (Yy-1)P Wiy

@+ &)y (my MY 1-a H,
5_5T'8 ge(m_ M)1+(1—a),8 a Ht—la'g

1/n H 1/n
we obtainh :[ J and thus:h = constant term{H L ]

ap
t-1

for a givenmy, . Since H,; does not decrease over time, thgneither increases or remains

constant.
Let us firstly consider the dynasty, denoted that initially possesses the highest human

capital among the non educated dynasties. Two eaegossible:
1. If the human capital of generationn}(0) is lower tharh* :Q'll(l"’”, then h(t) tends to

h* at the steady state, and singe> h*, then h > h* > h, (). This shows that dynasty

remains non-educated as well as all the dynastigs amower human capital. Thus, all the
descendants of the individuals who initially do gotto education make the same choice.
2. If the human capitah,,(0) is higher thanh*, thenh_(t) will decrease and tend tio* . In

addition h,(0)<h and h increases or remains constant over time. As aecpesice,
h,(t—1) < h, which shows that dynasty remains non-educated and thereby unskilled from

generations to generations, as well as all the stiggawith an initial human capital lower than
h,(0).

This shows that all the dynasties that initiallpoke non- education will subsequently remain
non-educated.

Let us secondly consider the dynasty that possdbsebwest human capital amongst the

educated dynasties, denotéd Since H, does not decreasdy < h(0)< h*(). If we
demonstrate thah <h(t—1) over all the subsequent periods, then dynastyll remain
educated forever and so will all the dynasties were educated at period 1. Singe< h (0),
an increase ir‘nj (t-1)/Rh over time is a sufficient condition fdy < h(t—1), Ut. Because of

£ £
(14), we can Write:@(éj ‘\’/Vv—';tg” =(1+£). In addition, h () :Jg{ij (he-)".

1/n
By putting together these two relations we obtamq(:thﬂ :L&X%j . As w /w,
Wht €
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increase over time (becausg /L, increases) as well dg(t) (as long as it has not reached
the steady state), them (t -1)/Qy increases antf < h(t-1) is always true.

This shows that all the dynasties that initiallypoke not to go to education will subsequently

remain educated.

Appendix 5: Proof of Proposition 8

The dynasties are arranged in ascending order ahahu capital. At timet, if

1
(L+E)° w

In
h; 1(t) < h < h (9 with thresholdh = , then the individual from theth
30" Wyt

dynasty is the one with the lowest human capitabrmgmthese who choose to educate (and
thereby the individual from thd-1)-th dynasty is the one with the highest humapitah

. W, l1-aH
among those who choose not to educate). By |ngert|n£:—f,
Wiy a

M £ M B
H; = Zh(t)=5é(ij (h(—l))”, Ly =m; M and m _f-1 into this expression,
i=f 1+e) 5 M

we obtain:
M 1/n
. > (ht-1)’
—Qai=f
h: _.()<h=| Q+&) < [
() <h=| 0+e)—=—— h (9

As h decreases with, this inequality that determines a unigiyeand thereby one unique

distribution of individuals (and dynasties) betweabe educated and the non-educated. This

determination is independent from which establishes Proposition 8.



