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Abstract

Individual income is determined by free-will actions related to the level of effort exerted and
by opportunities determined by aspects beyond the individual’s control, such as family back-
ground, race, place of birth or health endowments. Taking human capital as the main engine of
development, we build a general equilibrium overlapping generations model to study the effect
of inequality of free-will and inequality of opportunity on real per capita income. When the
process of human capital accumulation is convex, we show that inequality of opportunity has a
negative and monotone impact on this degree of development, while the effect of inequality of
free-will is positive. However, when human capital is accumulated according to a non-convex
process, multiplicity of equilibria and poverty traps arise. For economies with a low percentage
of trapped dynasties (rich), the same result as for the convex model is obtained. However,
for poor economies, while the relationship between free-will inequality and development gen-
erally remains positive, that between inequality of opportunity and human capital takes on an
inverted U-shape.
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1 Introduction

Since the pioneering work by Kuznetz (1955), economists have traditionally questioned
whether inequality is good or bad for long-term growth. In a world of perfect equality,
there would be no rewards for hard work and entrepreneurial activity, while in a world of
vast inequality, those with silver spoons might coast along on their parents’ wealth rather
than create more, and those with wooden spoons might not develop their talent. Both
extreme situations would cripple growth and, for this reason, the literature has extensively
searched for the optimal amount of inequality, although no general consensus has been
reached.! In this vein, the recent debate between those who think that top income share
increases in the U.S. since the 1970s have not translated into higher economic growth
(Piketty et al., 2011) and those who believe that incomes at the top have grown much
faster than average because they have made significant economic contributions (Mankiw,
2013), could be explained by the different perception of the position reached by the
economy, whether or not it is beyond the optimal level of inequality.

Instead, we argue in this paper that the critical issue in the inequality-growth debate
is to make a distinction between the different types of inequality. Following the World
Bank (2006), Bourguignon et al. (2007b) and Marrero and Rodriguez (2013), as with
cholesterol, there are two types of inequality, inequality that enhances growth (good)
and inequality that deters growth (bad). For example, if rent-seeking is the primary
driving force behind the growing incomes of the rich (Stiglitz, 2012), opportunity for
the rest of population would be reduced causing an increase in income inequality and a
reduction in growth; on the contrary, if the root cause is the change in technology (Goldin
and Katz, 2008; Mankiw, 2013), hard-working and talented individuals could command
superstar incomes, prompting not only inequality but also growth. Unfortunately, both
types of inequality are likely to be present at the same time, so they will offset each other,
causing the final impact of overall inequality on growth to be ambiguous, as emphasized
by the empirical literature.? Despite the fact that this distinction between bad and good
inequality is at the center of the current debate on inequality, there is a lack of studies
analyzing their simultaneous functioning. The main task of this paper is precisely to
analyze the simultaneous impact of different sources of inequality on the economy under
an integrated macro-framework.

Our framework departs from the idea that individual income and implied inequality
is mainly determined by two factors (Roemer, 1993): first, free-will actions related to the

!See the surveys on this issue in Bénabou (1996), Aghion et al. (1999) and Bertola et al. (2005),
among many others.

2See, for example, Banerjee and Duflo (2003) on the inconclusiveness of the cross-country empirical
literature on economic inequality and growth. Previously, Barro (2000) and Voitchovsky (2005) pointed
out that inequality might affect growth through distinct avenues that may offset each other.
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level of exerted effort; second, opportunities, which are beyond the individual’s control be-
cause they depend on circumstances like family background, race, place of birth or health
endowments. Taking human capital as the main engine of development, we build a general
equilibrium overlapping generations model to study the effect of inequality of free-will (or
pure effort) and inequality of opportunity on growth.> The model combines the basic
principles of the wage determination and human capital accumulation literature (Glomm
and Ravikumar, 1992; Boldrin and Montes, 2005) with that of inequality-of-opportunity
(Roemer, 1998; Fleurbaey, 2008). The economy is populated by a continuum of dynasties
with warm-glove preferences, where effort is considered as a non-monetary factor which
generates disutility, but is needed for the individual to accumulate human capital. Fol-
lowing Roemer (1998), the level of effort is considered to be an endogenous decision that
depends not only on individual free-will, but also on the set of circumstances.* For ex-
ample, high parental human capital creates a better environment for the accumulation of
human capital (Galor and Tsidon, 1997), and favors a bequest to the offspring in the form
of the quality of schooling (Glomm and Ravikumar, 1992). With all these ingredients,
the ultimate sources of heterogeneity in the model come from individual free-will, initial
parental human capital (an endogenous circumstance) and exogenous circumstances like
race, place of birth or health endowments.

In the first part of the paper (Section 2), human capital is accumulated following
a convex process, whose solution is characterized by a globally stable, dynasty-specific
steady-state equilibrium. In this context, we are able to reproduce the classical decom-
position of total income inequality into inequality of opportunity and inequality of pure
effort (Ruiz-Castillo, 2003; Checchi and Peragine, 2010). More importantly, for a widely
used human capital accumulation process, we show that human capital accumulation is
concave with respect to the set of circumstances but convex with respect to individual
free-will. As a result, a more equal distribution of circumstances increases the average
human capital, while the opposite happens for free-will. Accordingly, the impact of total
inequality on average human capital is ambiguous and the sign of the effect depends on

3In a first empirical attempt, Marrero and Rodriguez (2013), for panel data for the U.S. states between
1970 and 2000, found robust evidence that inequality of effort is growth enhancing, while inequality due
to differences in opportunities is growth deterring. On the theoretical side, as far as we are aware, only
the static general equilibrium model in Mejia and St-Pierre (2008) has proposed, for a given distribution
function of exogenous circumstances, that there is no trade-off between the average level of human capital
and equality of opportunity.

4The important role of circumstances has largely been emphasized in the literature on inequality of
opportunity. For example, Roemer (2000) and Bowles et al. (2005) have shown that even if individuals
have high inborn talent, the likelihood of their being able to realize the benefits of that talent (for example,
in terms of admission to university or access to employment) will be affected by social conditions. This
reasoning also applies to individuals with strong preferences for effort. See Arrow et al. (2000), Hertz et
al. (2008), Blume and Durlauf (2001), Durlauf (2003) and Loury (1989).
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which type of inequality dominates the aggregate inequality. In addition, we show that
the impact of each source of inequality on the aggregate, and hence the sign of the re-
lationship, strongly depends on key characteristics, such as the degree of meritocracy in
the economy.

Based on the extensive literature that emphasizes the relevance of considering poverty
traps and multiplicity of equilibria in development models, the second part of the paper
(Section 3) extends the initial framework by adopting a non-convex process for the ac-
cumulation of individual human capital.” In this case, each dynasty faces, a priory, two
potential equilibria, a low one and a high one. The low equilibrium can be interpreted as
a human-capital trap from which the amount of effort required to escape is too high. This
situation could arise even for a dynasty with large free-will to exert effort if it possesses
strongly unfavorable circumstances and/or lives in a poor economy where the return to
effort is very small. After characterizing multiplicity, we analyze the average human cap-
ital of the aggregate economy, its dynamics and its relationship with the different sources
of inequality in the initial period and over the long-run. We find that in general the effect
of the different sources of inequality on human capital depends on the initial levels of
development and inequality in the economy. Because poor economies are characterized
by large poverty rates (so a large fraction of their population is trapped), increasing any
type of inequality (opportunity or pure effort) moves dynasties out of the trap, which
benefits the average human capital. But, when the level of development increases and,
therefore, a higher fraction of dynasties are not trapped, predictions converge to those
of the convex model: the negative impact of inequality of opportunity and the positive
impact of inequality of pure effort on per capita income.

The results in Sections 2 and 3 are complemented with some simulations and an empir-
ical illustration (Section 4). Based on existing estimations of inequality of opportunity for
40 countries, we contrast the main results of the paper with a simple correlation analysis.
Finally, the main conclusions of the paper are set out in Section 5.

2 A basic model of human capital and inequality

Our framework is a small open overlapping-generations economy with heterogeneous
agents, populated by a continuum of dynasties, each one indexed by i = [0, 1], and with
perfectly competitive markets. Time ¢ is discrete and a single homogenous good, ¥, is
produced every period according to the following Cobb-Douglas technology:

w=ARL A0, 0 (0,1), (1)

®We assume a standard non-convex function for human capital without specifying the mechanism by
which the multiple equilibria emerge. See, among others, Azariadis and Drazen (1990), Banerjee and
Duflo (2003) or Azariadis and Stachurski (2005).
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The Arrow-neutral technological term A is assumed to be constant, k; is physical capital
and [, = [;-h; is the efficiency units of labor, with [, as raw labor and h; as the average
level of human capital,

e = / ha(i)-dG (7)), 2)

where G [h(7)] is the distribution function of individual human capital.

Raw labor is perfectly inelastically supplied and, without loss of generality, normalized
to 1. The small open economy has unrestricted international borrowing and lending, thus
the real interest rate is exogenous and equal to the stationary world interest rate 7.° Since
producers operate in a perfectly competitive environment, 7 determines the k;/h; constant

t1 ,
raio o\ e A YV

and the wage per unit of human capital (or effective labor) is given by,

o\ 3\ M-
w=yr=A(1-N) (h—t) = AYVA=N (1 = N). <:>

t T

(4)

which increases with A, decreases with 7 and is constant as long as A and 7 are also
constant.” Plugging (3) into (1),

kt A N Y A/ (1=X)

Moreover, given h; from (2), k; is obtained from (3). Hence, given A, A and 7, real output
y; and k; are fully determined by h;, which is used accordingly as a proxy of development.

Each dynasty ¢ born at ¢ consists of a common individual who lives two periods, child-
hood and adulthood. During adulthood, the individual gives birth to another individual
so the overall population remains constant over time. Individuals are born with a set
of factors, called circumstances and denoted by 6;(i) (Roemer, 1993; Fleurbaey, 2008),
which are beyond their own control but affect their actions. Circumstances are generally
associated with factors related to parental socio-economic background (family status, so-
cial connections, child nourishment, etc.), represented in our model by parental human
capital, h;_1(i) and the bequest devoted to the quality of the offpring’s education, z; 1(7)

6The choice of a small open economy is to simplify the notation and based on the fact that interest
rates do not change significantly in the course of economic growth (Galor and Tsidon, 1997).

"We are not assuming the existence of a global technological externality in the economy, which,
for example, would require A to be a function of h; (Benabou, 1996; Galor and Tsidon, 1997). This
assumption is not needed to obtain our main results and it just complicates the solution of the model.
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(Card and Krueger, 1992; Glomm and Ravikumar, 1992), and by other factors such as
race, nationality or health endowments, which, for simplicity, are all grouped in a(7)
(Bourguignon et al., 2007a; Rodriguez, 2008; Li Donni et al., 2012).® Following Roemer
(1998) and Ferreira and Gignoux (2011), among others, 6,(i) can be seen as a composite
index of hy_1(4), z;_1(7) and a(i),”

0u(i) = a(i)' a1 (1) he—a (1) a0 € (0,1), a+ o < 1. (6)

Individuals show warm-glove preferences, which depend on consumption, ¢ (i), the
bequest to their offspring, x;(i), and total effort, e;(i), during adulthood

(i) = m(n)-co())"a (D)7 = y(0)-e. (1) 7, (7)

where, without loss of generality, we assume that consumption during childhood is in-
cluded in the consumption of the parents (Benabou, 2000), n € (0,1) is a parameter of
relative preferences between c(i) and z(i), and 7(n) = (1 — 1)~ is a normalization
factor (Acemoglu, 2010). Effort is a non-monetary factor that generates disutility, but
is needed to accumulate human capital (Agion and Bolton, 1997; Roemer, 1998). We
assume 3 > 0 so that the marginal disutility of effort is increasing.'® Moreover, individ-
ual preferences for bundles of effort and consumption (and bequest) are determined by a
free-will parameter, (i) > 0, related to the individual’s preferences for effort and which
society views as within the jurisdiction of personal responsibility because it is independent
of 0;(i) (Roemer, 1998).

We start by assuming a simple individual human capital accumulation rule and leave
the treatment of non-convexities for the next section. Thus, h(7) is determined by two
non-purchasable but complementary factors (Sen, 1980; Roemer, 1993), effort and cir-
cumstances, showing constant returns to scale,

ht(z) = 9t<i)w'et(i)1i¢a 1/1 S (07 1)7 (8)

8 Macroeconomists have extensively shown that parental education and resources devoted to the off-
spring’s education have significant effects on the individual’s human capital, while, for example, school
characteristics have relatively little importance in determining individual achievement (Coleman et al.,
1966; Becker and Tomes, 1986; Hanushek, 1996; Ginther et al., 2000). In our framework, it can be
interpreted that h;_; creates a better environment for the accumulation of human capital (i.e., a local
home environmental externality, Galor and Tsidon, 1997), while x;_; favors the bequest to the offspring
in the form of quality of schooling (Glomm and Ravikumar, 1992). See also Boldrin and Montes (2005)
for a general discussion of this issue.

9Because inborn ability or talent is less than perfectly correlated between generations, a model that
explicitly models how it evolves in the dynasty over time would be required (Hasler and Rodriguez-Mora,
2000). Another source of inequality beyond the scope of this paper is luck (Lefranc et al., 2009). Mejia
and St-Pierre (2008) consider the whole set of (i) as exogenous.

10The effort function v(i)-e;(i)!*# is convex, as always assumed in the literature on the economics of
information (Macho-Stadler and Pérez-Castrillo, 1996).

6
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where 1) denotes the relative importance of circumstances with respect to effort in deter-
mining h(7).!! Given h(i), individuals work during their adulthood (supplying one unit
of labor inelastically) and earn labor income,

wy(i) = w-hy(i). 9)

The source of heterogeneity comes from differences in I'(i) = {a(i), h_1(7), (i) }, which
characterizes each dynasty. Following Benabou (1996), we assume that a, h_; and «y follow
mean invariant log normal independent distributions:'?

Ina ~ N(ln&—%g,Az), (10)
~ A2

Inh_; ~ N<1nh—Tl,A21), (11)
A2

Iny ~ N(ln’y\—ﬁ,Az). (12)

In this manner, a, v and h_; have constant means equal to a, 7 and /f;, that are independent
of the corresponding variances. Moreover, the variance term is closely related to the class
of relative inequality indices consistent with the Lorenz curve (Cowell, 2009), such as
the Gini or Mean Logarithmic Deviation (MLD). In fact, the MLD index (7p) is half
the variance under log-normality.'® For simplicity, a and v do not affect initial parental
human capital h_q, although they will strongly affect human capital accumulation along
the transition (more on this later).

2.1 Solving the model
Each individual takes 6,(i) and I'(i) as given and maximizes (7) subject to

which is satisfied with equality because utility is strictly monotonic in ¢ and z. For
simplicity, time subscript is omitted from now on whenever it is not strictly necessary.

UFor ¢) = 0 the role of circumstances is null, hence the economy is purely meritocratic (Lucas, 1995);
meanwhile, the higher v, the greater the degree of nepotism.

12Two reasons justify the general use of the lognormal distribution. First, lognormal distributions
capture reasonably well the negative skewness that characterizes income distributions in practice. Second,
the product of independent normal distributions converges asymptotically to a lognormal distribution
(Gibrat, 1957). Accordingly, we can view income generation as the product of multiple factors over time.

13The MLD index has a path-independent additive decomposition (Foster and Shneyerov, 2000) and,
for this reason, it is the inequality index used most in the empirical literature on inequality of opportunity
(Ferreira and Gignoux, 2011; Marrero and Rodriguez, 2011).

7
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The problem is solved in two steps. First, taking h(i) as given, (7) is maximized subject
to (13) and (9), obtaining

1 hG) ™

0 = [p] -
(i) = nuwh(i), (15)
z(i) = (1—mn)w-h(7). (16)

Substituting these expressions into (7), the following indirect utility function V', in terms
of h(i), is obtained:

(i

)
)
)
(
h(7)

V:wh@—vwmwaF? 1

In the second step, (17) is maximized with respect to A (i), and the solution is substituted
into (9) and (14),

) = _ (1_2/})%0 e iﬁff/)

W = Lwatn) 0 18
L [ A=Y)w 5¥6 PREESEL

0 = [Sas] 0 e
N _(1—1/))-10%:[2 e L

YO = Gears ) T 2

Expressions for ¢(i) and x(i) are obtained by plugging (19) into (15) and (16), respectively.
Three comments are in order. First, absolute effort e(i) depends on the characteristics
of the aggregate economy, w, and on dynasty-specific characteristics, 6(i) and (7). Sec-
ond, the free-will parameter (i), while affecting effort, is by definition independent of
circumstances. In this manner, free will represents what in the inequality-of-opportunity
literature is referred to as pure effort (Roemer, 1998), the part of total effort not in-
fluenced by individual circumstances. Third, the set of circumstances affects individual
human capital and wages through two different channels: a direct channel related to the
returns-to-effort and represented by 6(:)¥ in (8), and an indirect channel related to the

»
positive impact of circumstances on absolute effort and represented by 6(:)#% in (18).1

" For example, Roemer observes that “Asian children generally work hard in school and thereby do well
because parents press them to do so." (Roemer, 1998, p.22). Family pressure is clearly a circumstance
that affects children “s effort but is outside their control.
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2.2 Human capital dynamics and inequality

Using (16), we can rewrite 6(7) in terms of h;_ (1),
0(i) = (1 —m)®wa(i) =" hy_y (i)™ (21)

and using (21) and (18) we can derive the following dynamic equation for h(i):

: {a<i>“”5>“]ht_1<z’>ﬂ 73 (22)

i) = Clhea ()] = expr | S |

w) (LAY In[(1 - )],

G = (1—¢)1n< 153
o= (1+8)¢(a+y),

where C[0] = 0, ¢[-] is C? on (0, +00) and, because ¥ < S+, ([hs_1 ()] is strictly increasing
and strictly concave in h; (7). Under these conditions, there exists a unique steady-state
that solves the fixed point heo (i) = ([hoo(i)],

1

a(i) |0+ =I17 FFv=o
(@Y ]

Moreover, the steady-state is globally stable, i.e., all dynasties reach their long-run equi-
librium regardless of their initial level of parental education.

Let’s denote by 1, = E [In h| our proxy of average per capita real income, in logs (recall
(5)), and by A? = Var(Inh;) our proxy of wage inequality. In fact, under log-normality,
A? is exactly twice the MLD index of wage inequality. However, we do not need the
log-normality assumption to obtain the main results of this section, it just simplifies the
algebra and permits their interpretation in terms of inequality.!®> Then, taking logs in
(22), it is easy to show that Inh; ~ N [u,, A?] for all ¢, where the dynamics of the first
and second moments are characterized in the following proposition.

hooli) = exp7i 7 [ (23)

Proposition 1 For any generation t > 0, the dynamics of 1, and A? are:

15The variance of the logarithms, the index of inequality most broadly used in macroeconomics, is an
appropriate index of inequality only if the distribution under consideration is lognormal, otherwise it
does not fulfill a normative minimum, the principle of progressive transfers (Foster and Ok, 2003). This
principle says that any transfer of income from a richer to a poorer individual, which does not reverse
which of the two is richer, reduces inequality. Accordingly, we assume log-normality to guarantee that
the variance of the logarithms is consistent with the Lorenz curve.
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o= €M+ 1= g, (24)
A? — 52(t+1)A2_1 _|_ |:1 o €t+1:|2 Azo’ (25)
where £ :ﬁ, i, =Inh— A% /2 and A2, are the initial conditions, and
G (1+8)Y -9 11—
= + Elng— ——2* Eln~, 26
o T Bre =0 Bre—v N Bre—0 20
1+5)¢—19>2 ( 1—1) >2
az = (U =0V o (120 Ve 27
>~ <5+¢—19 ©\Bry-v) 7 27)

are the steady-states of p, and A2, respectively, which are globally stable.
Proof. See Appendiz A1 W
For illustrative purposes, (24) and (25) are expressed for ¢ = 0,

Ellnhy = uozﬁf¢+<1+6€)_1Z_19E1na+§~Elnh_1—; ziEln’y, (28)
1 — 1—
Var(lnhy) = Al= (%) AL+ A%+ <ﬁ+z> A7 (29)

where 11, and A2/2 are the degree of development and inequality in the very short-run.

Taking p, and p,_, as the average child and parent outcomes, respectively, the para-
meter ¢ in (24) and (28) can be interpreted as the elasticity of intergenerational mobility
in human capital for an extended version of the canonical Galton model (Galton, 1869).'°
In fact, given o + ¢ > 0, a society with perfect intergenerational mobility, £ = 0, would
be equivalent to a pure meritocracy economy, 1) = 0.1 Moreover, strict concavity of the
function h(i) is equivalent to having £ < 1, which is fully consistent with the empirical
evidence found in the related literature (Corak, 2013). This fact provides confidence with
the results set out in the following three corollaries, since they are based on the concavity
of the h(7) function.

Three results arise from the analysis of (24)-(27). First, the next corollary reproduces
the classical decomposition of total income inequality into inequality of opportunity (rep-

16The canonical Galton model is the regression model In Yii=v+&InY; ;4 +5“ where the coefficient £

+ A4Y=0 Py g —

is the so-called elasticity of intergenerational mobility. In our case, we have u, = e,

ﬁer
BﬂbEan + B+1/1 11, after taking logs in (22) and then expected values.

"In general, we have that 5 >0 >0 and 2 35 < 0.

) 3(oz+99)

10
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resented by A2 and A?,) and inequality of (pure) effort (related to A?) (Ruiz-Castillo,
2003; Checchi and Peragine, 2010).'8

Corollary 1. For any generation t > 0, A? is a linear function of the three primitive
sources of inequality A2, A?/ and A?:

2
1—19 ? 172
+A3 <m> (=&
+A2_1§2(t+1)

Proof. This result is straightforward from (25) and (27) B

Second, the next corollary shows that depending on the type of inequality (free-will or
opportunity), its relationship with average human capital is positive (inequality of pure
effort) or negative (inequality of opportunity).'?

Corollary 2. The human capital average 1, and real wage average wy are:
i) negatively affected by A2 for all t > 0.
i) negatively affected by A%, for t # co, otherwise no affected by A? .
i1i) positively affected by Ai for all t > 0.
Proof. From (10)-(12), we have Elna =1na—A2/2, Elny =In7—-A2/2 and Elnh_; =

Inh — A?%,/2. Then, from (24), it is clear that Ou,/OA% = —%% [1-¢* <o,

O, JOA? | = —%ftH < 0 and Op,/ON? = %B—lﬂ_ﬁqﬁﬁ 1 —f”l} > 0 for t # oo. How-

ever, at steady-state (26), the signs of Op.,/OA? and Oy, / 8A3 remain unchanged, while
O, JOA%, = 0. From (9), obtaining the corresponding results for w; is straightforward

This result comes from the properties of (22) and (23).2° While h,(i) is strictly increas-
ing and strictly concave with respect to h;_1(i) and a(i), h:(7) is decreasing and strictly
convex with respect to v(i). Accordingly, keeping means @, h and 7 unchanged, equalizing

8 An alternative way of interpreting this decomposition is the following. Assume that people are
grouped by their circumstances. Then, total inequality could be decomposed into a between-groups
component (the inequality-of-opportunity part) and a within-groups component (the inequality-of-pure-
effort part).

9This result has already been discussed in World Bank (2006) and Bourguignon et al. (2007b), and
tested empirically in Marrero and Rodriguez (2013), but a theoretical model was missing.

20Bearing in mind that E[h(t)] = e#+t27/2 it can be shown that the effects of A2, A2 and A2
on E (h;) have the same sign as the corresponding effects on p, = F [lnhy]. Again, the concavity (or

intergenerational elasticity) condition, ﬁ < 1, is necessary for the result.

11
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circumstances and/or increasing the dispersion of free-will (i.e., of pure effort) raises the
average level of human capital and thus the real income in the economy. A relevant as-
pect of this result is that it has been obtained through a very simple framework where the
concavity of the human capital accumulation function has not been imposed, but rather
endogenously obtained.

The empirical literature that studies the relationship between total inequality and
growth has mainly focused on the estimation of the equation ¢g; = a + bTy(w;) + cZ, where
g is per capita income (in logs) or income growth, Ty(w;) is a measure of total income
inequality and Z is an array of other controls. Although no agreement has been reached
about the sign of b (recall the Introduction and references therein), the corollary below
attempts to shed some light on this issue. Taking p, as a proxy of per capita income (or
growth), for expository purposes, the corollary is divided into two parts: Part A assumes
that Ty(w;) and Z are independent, while Part B considers that Z and Ty(w;) are strongly
related through some of the inequality components, Ty(a), To(h—1) or To(7).

Corollary 3. Part A) Given the equation p, = a + bTo(we) + cZ, with To(w:) L
Z, the impact of overall income inequality, To(w,), on u, depends on which component of
inequality (pure effort or opportunity) dominates in To(wy):

i) if the change in To(wy) comes entirely from Ty(y), then pu, is positively affected by
T(](wt> .

i1) if the change in To(w,) comes entirely from To(a), or To(h_1), or both, then p, is
negatively affected by To(wy).

i11) if the change in To(w;) comes from simultaneous changes in Ty(a) and Ty(7), or in
To(h_1) and To(7y), or in To(a), To(y) and To(h_1), p, is ambiguously affected by To(wy),
although the effect is positive if 1 — 0 and negative if 1 — 1.

Part B) Given the equation u, = a + bTo(w,) + ¢Z, the sign of b depends on the
relationship between Z and the different components of inequality To(a), To(h_1) and
To(7y). Two extreme, but illustrative cases are:

i) if Z = (To(a),To(h—-1)), then p, is positively affected by To(wy).

v)if Z = (To(a),To(v)) or Z = (To(h-1),To(7)), then p, is negatively affected by
T(](wt>.

Proof. See Appendiz A2 B

When total inequality Tp(w;) and the set of controls Z are independent (Part A),
the effect of Ty(w;) on p, is determined by the component of inequality, Ty(a), To(h—1) or
To(7) that dominates in Tp(w;). Setting reasonable values for the parameters in the model,
we simulate p, = F [In k) under alternative situations and illustrate the results of this
Corollary (Part A) in Figures la-1f. First, when the change in Ty(w;) comes exclusively
from changes in Ty(y), the effect of To(w;) on p, is positive in the short- and long-run
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(Figure 1c), while it is negative when the change comes exclusively from changes in Ty(a)
and/or Ty(h_1) (Figures la and 1b). Nevertheless, note that the relationship between
iy and To(h_q) is null in the very long-run because the steady-state is globally stable
(the dashed line in Figure 1b). On the contrary, when the change in Ty(w;) is driven by
opportunity and free will at the same time, its final impact on p, will strongly depend on
the meritocracy parameter ¢ (alternatively, on the elasticity of intergenerational mobility
€). If, for example, we consider an equal variation for the three components of inequality,
the effect is null in the short and long-run when ¢ = 0.5, our benchmark calibration
(Figure 1d). This effect turns out to be negative when a low meritocracy economy is
assumed (1) = 0.75, Figure le), while it becomes positive when the level of meritocracy
in the economy is high (¢ = 0.25, Figure 1f). Hence, the lower the level of meritocracy in
society, the more important are individual circumstances for the process of human capital
accumulation.

[FIGURES la-1f ABOUT HERE]

The intuition of Part B in the Corollary is the following. If the set of controls Z is
more positively related to inequality of opportunity than with inequality of pure effort
(for example, race, land property, etc.), To(w;) would then be capturing the inequality-
of-pure-effort component more closely and, therefore, the coefficient of Ty(w;) would be
positive. The opposite happens when Z is more positively related to aspects of inequality
of pure effort (for example, hours of working, occupational choice, etc.). In this case, b
would turn negative because Ty(w;) would behave as a proxy of inequality of opportunity.
It is interesting to note here that some empirical studies have found that the effect of
income inequality on growth is sensitive to the inclusion of alternative explanatory vari-
ables (Birdsall et al., 1995), while the relationship between initial land inequality, which
captures more closely opportunity than income, and growth is negative and robust to the
introduction of different explicative variables (Deininger and Squire, 1998).

3 A non-convex model of human capital and inequal-
ity
An extensive literature has emphasized the relevance of considering non-convexities and

poverty traps in growth models.?! In keeping with this literature, we follow Acemoglu
(2010) and Roemer (1998), and assume the following non-convex process for individual

2! Among many others, see Azariadis and Drazen (1990), Banerjee and Duflo (2003) and Azariadis and
Stachurski (2005).
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human capital accumulation:

. N h N <e(d) . o\
) = 0 00) = oo o) 5 1) 70 = () + O

where h > 0, common to all dynasties and economies, represents a human capital trap;
the threshold €(i), which depends inversely on the set of circumstances (Roemer, 1998),
denotes the minimum level of effort that an individual needs to make to accumulate h(7)
above h.?? The function II[-] is continuous and increasing in both e(i) and 6(i).

In this context, the individual must first decide whether or not to exert positive effort.
On the one hand, the solution is trivial for the non-effort case (allocations denoted with
a 0 superscript): €°(i) = 0, h°(i) = h, w°(i) = w-h, (i) = pw-h, 2°@) = (1 —n)w-h
and V°(i) = w-h.?* On the other hand, the solution is given by (18)-(20) if the individual
decides to exert positive effort. Thus, the solution of the dynasty problem is characterized
by an incentive-to-effort condition. The following Lemma establishes this condition in
terms of the minimum level of circumstances required, (i), and also in terms of the
minimum level of parental human capital, h(i).

Lemma 1. For any dynasty i € [0,1] and generation t > 0, the incentive-to-effort
condition V(i) — VO(i) > 0 is fulfilled if and only if,

06i) > 60, (32)
sy = (RAEANTIT [5)-(1+ BT
o) = <5+¢ ) [u—¢wu] ’
or alternatively,
he(i) > (i), (33)

Moreover, both conditions imply that h'(i) > h and e'(i) > €(i), which makes the
incentive-to-effort condition consistent with the non-convex process for individual human
capital accumulation in (31).

22For the sake of simplicity, we assume that h is exogenous and common to all dynasties. A more
sophisticated model, beyond the scope of this paper, would consider h to be related, for example, to
publicly provided funds and be dynasty and/or country specific.

23 Since the individual has decided not to exert effort above €(4), it is obvious that the optimal decision
ise(i) = 0.

14



ECINEQ WP 2014 - 327 March 2014

Proof. See Appendiz A5 R

According to (33), parental human capital needs to be high enough to overcome the
requirements imposed by lNL(z), which depends on a(i) and 7(i) as well as on the aggregate
economy (w and h); otherwise, the descendants will be trapped at h. From (33), (31) can
be rewritten in terms of h;_1(7) as follows:

o hea(i) < E(i)
her (i)] e (i) > B(i) (34)

where ([h,_1(7)] is given by (22), with ¢’ > 0 and ¢" < 0; Q[0] = h and, since ¢ < 1,
Q [ﬁ(z)} = h’éﬁ:f ) > T, then [] is increasing and concave in hy_1(i). A new implication
of non-convexities is the multiplicity of steady-states in (34): one low and common to
all dynasties, given by h, and another high, dynasty specific, given by the solution of
hoo(i) = C[hoo(i)] for heo(i) > h(i).** Given the properties of 2[-], it is easy to show that
%(z) > h is a necessary and sufficient condition for the existence of the low steady-state,
which would be at least locally stable. Likewise, there exists a high steady-state if and
only if he (i) > h(i), while its local stability is guaranteed by the strict concavity of ([].
The Lemma 2 below will illustrate these conditions and the steady-state multiplicity.

From the previous section, we know that individual circumstances can affect h;(7)
through a direct and an indirect channel. In a non-convex setting, 6(i) may also affect
h:(i) through the threshold €(i) and, consequently, through the probability p; of being
trapped,

(i) = Qhes(6)] = { '

pe=Pr [y 1 (6) < i) (35)

Since this probability can also be seen as the percentage of individuals earning w-h, if
we consider w-h to be a relative poverty line, p, would be a measure of relative poverty
(Ravallion et al., 1991).2> Moreover, the average human capital (in logarithms) in this
framework is given by:

Ellnh]=pnf+ (1 —p)E [mg(ht_l) /ln hey>1nh|. (36)

24Non-convexities and multiple steady-state equilibria have traditionally been justified in the context
of imperfect credit markets (Galor and Zeira, 1993; Banerjee and Newman, 1993), although multiple
equilibria are also possible when there are no convexities if credit markets are imperfect and the marginal
propensity to save is higher for richer dynasties (Galor and Moav, 2004, Galor and Tsidon, 1997). Instead,
we assume the process in (31), which makes explicit the role of circumstances in the accumulation of
human capital.

2>While we are assuming that h is common to all individuals and countries, w is common to the
individuals within a particular economy. Accordingly, the difference between a rich and a poor country
would be the level of w.
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The first term is the average human capital accumulated by the individuals in the trap,
while the second term is associated with non-trapped individuals. Thus, the model pre-
sented in Section 2 can be interpreted as a particular case of this more general setup when
pt = 0 or h is small enough. From the definition of & in (33), it is easy to show that this
particular case is more likely to be found in rich economies, characterized by large values
of w. Accordingly, the results in Section 2 are more feasible in those economies with a
sufficiently high income level. We will illustrate this idea using simulations in Section 4
and real data in Section 5.

_In Section 2 we found one single type of dynasty. Now, depending on the ranking of
h(i), h and h(i), we have up to six different types of dynasties, though two of them
are unfeasible and another two are redundant. Thus, dynasties can be classified in three
different types as characterized in the following Lemma and illustrated in Figures 2a-2c
(Figure 2d shows an unfeasible case).

Lemma 2. A dynasty i € [0, 1] belongs to any of the following cases:

Case 1. ﬁ(z) < h: h(i) always converges to hs(i) regardless the value of h_1(i). In
this case, hoo (1) is globally stable.

Case 2. h < h(i) < hoo(i) (at least one with inequality): depending on whether h_1 (i)
is below or above E(z), the dynasty converges to either h or he(i), respectively. In this
case, both equilibria are locally stable.

Case 3. hoo(i) < h(i): the dynasty always converges to h regardless of the value of
h_1(i). In this case, h is globally stable.

Proof. The trap h cannot be higher than h(i) and he(i) at the same time because it
would imply [ﬁ(z)} < T, which is unfeasible. For this reason, Case 1, h(i) < h < hoo(i),
and Case 3, h < hoo(i) < h(i) or heo(i) < I < h(i), are just fully characterized by

h(i) < h (Figure 2a) and heo(i) < h(i) (Figure 2c), respectively. The condition for Case
2 follows immediately from Figure 2b. Figure 2d represents hso(i) < h(i) < h, one of the

two unfeasible cases. A

Dynasties belonging to Case 1 (Figure 2a) always escape from the trap because they
have good exogenous circumstances and/or low (i) (i.e., high free-will to exert effort) so
%(2) is sufficiently small. Also note that living in a rich economy with high w facilitates
belonging to this group. In this case, when an individual is initially accumulating A (i.e.,
h_1(i) < h(i)), the next generation is able to move upward and to converge to their
high steady-state.?® In contrast, dynasties belonging to Case 3 (Figure 2c) will always
end up trapped because they show high (i) and/or low a(i), so h(i) is high. Unlike

26Note that the concept of intergenerational mobility, £, presented in Section 2 referred to the society
as a whole.
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in the previous case, living in a poor economy with low w facilitates belonging to this
group. When a dynasty of this type initially accumulates human capital above h, their
descendants will experience, sooner or later, downward mobility. Finally, the steady-state
achieved by those dynasties belonging to Case 2 is fully characterized by whether h_; ()

is initially lower or higher than h(i) so their descendants do not experience any mobility
(Figure 2b).?"

[FIGURES 2a-2d ABOUT HERE]|

According to Lemma 2, after ¢ = 0, upward mobility will occur for those individuals
that belong to B* — {m% < mE} ndimn, < mE} while downward mobility will occur

for those in B? = {lnﬁ > In hoo} N {ln h_1> lnﬁ}. The corresponding probabilities,
p* = Pr[BY and p? = Pr [Bd], can be written as conditional probabilities:

p* = pcor-Pr [ln heoq < lnﬁ/lnﬁ < lnﬁ} , (37)

pl = pes Pr [111 he_q > ln%/ Inh > lnhoo} ) (38)

where po; = Pr [ln% <In E] and pcs = Pr [lnﬁ > In hoo} are the probabilities of belong-

ing to Case 1 and Case 3, respectively.

The existence of upward and downward mobility makes the distinction between ¢ = 0
and t > 0 necessary for the characterization of F [lnh;] and its relationship with the
different sources of inequality. As we show next, obtaining theoretical results for ¢ = 0
is relatively easy because h_; and h are independent log-normal variables, p, can be

characterized and the term [ln( (h_1) / Inh_y > lnﬁ} is also log-normal.?® However, for

2TFor simplicity, we have assumed that a(i) and (i) are given by the initial generation. Otherwise, a
dynasty might move randomly from one type of dynasty to another at any period ¢, depending on the
realizations of a(i) and (7).

Z8Note that taking logs in (33), it can be shown that Inh~ N (ﬁ, £2)7 where

~ 1—a-— A2 1-— A2

o= J‘M(lna‘5)+f<m‘§>’ (39)

2 _ l-a—-yp ? 2 1—9 ? 2

A2 = ( T )Aa+<19) A2, (40)
! R(1+8)\

7= Am( ﬁ+w> ¢
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t > 0 (and p; > 0), the analytical expression for E [Inh;] will be obscure since p; may
change over time and h; will not follow a log-normal distribution. For this reason, the
illustration of results for ¢ > 0 will require simulations, which will show that, in general,
the theoretical results extracted for t = 0 apply also for ¢ > 0 and steady-state.

3.1 Short-run human capital and inequality

From (36), it is straightforward to see that E [In h| is:
Eflnhe] = polnh + (1 — po)E [mg /mh 1>lnh] (41)

where py = Pr [ln h oy < ln%] and <1n h_y— lnﬁ> ~ N (u,,02%), with p, and o2 obtained

from (11), (39) and (40). Then, using (28) and (29), po, i, and o2 can be expressed in
terms of y1, and A2 as follows:

po = 1—@(ﬁ>, (42)

Og
1o 1 (h(1+P)
he = gho 51n< e ) (13)
o2 = 51—2A§, (44)

2

where @ is the N(0,1) cumulative distribution function. We observe that o2 is directly

related to the initial inequality of wages for the group of dynasties with h_; > %, while,
for a given level of inequality, j, reflects the initial degree of development of the economy.
Consequently, from (42), it is easy to understand why py (the initial relative poverty rate)

falls with p, and rises with o2. Note also that 1 — py and F [ln( (h_1) / Inh_y > lnﬁ]
affect E [In hg] positively because E [ln(’ / Inh_y >1In h] > Inh by the definition
of Q[hy_1(7)]. In fact, E{ln{ /lnh 1>lnh] > FElIn((h_q) because In((h_1) and
(ln h_y—1In h) are positively correlated so the truncated mean is pushed to the right.
The following Lemma gives the detailed expression of F [ln( / Inh_y >1n h]

Lemma 3. Assuming that [ln((h_l), <ln h_1— Inh } follows a bivariate normal

distribution, the average human capital (in logs) at t=0 for those dynasties with h_1(i) >
h(i) is:

[mg /mh ' >1nh} = iy + &5 poqs(_“””), (45)

Oy
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where ¢ (-) is the standard normal density function, and p, = E[In((h_1)] is the uncon-

ditional human capital average in (28).
Proof. See Appendiz A4 M

Several theoretical results for E [Inhg] regarding its relationship with the different
sources of inequality can be characterized. Using (41) and (45), E [In ho| can be rewritten
as follows:

E [ln hO] = Po: IHE—F (1 - pO) "o + MO(M(E? U:Jc)a (46)

where y is given by (28) and My(u,,0,) = &-0,-¢ (—Z—z) This expression shows the three

routes through which the alternative sources of inequality can affect E [In ho] at ¢ = 0: i)
the unconditional mean p, (considering all dynasties); ii) the probability of being trapped,
po; iii) the term My(u,,0,), which represents the extra human capital accumulated by
those dynasties initially non-trapped, i.e., with h_q(i) > E(z) We already showed in
Section 2 that dug/0A2 > 0, Opg/0AZ < 0 and Opy/0A%, < 0. Unfortunately, the
effects through the other two channels, pg and My(u,,0,), are ambiguous because they
depend on the relative magnitude of y, and o2 (initial degree of development and initial
inequality). Therefore, the overall impact of the different sources of inequality on F [In h)
will depend, as shown in the Proposition below, on the initial degrees of development and
inequality and, for this reason, may be ambiguous.?’

Proposition 2. The effect of the different sources of inequality, A?, J = a,h,y, on
E [In hg| is characterized by the following condition:

8E [lnho] .

TAJZ 0 iff Hj(ﬂx,gm) < 0, (47)

H‘(M 0‘) = &+l_§.1_(‘z—; <_Z_z) (48)
J VT 3; 5]’ 1n <1+ﬁ> )

B+

where €, = 1;:1;«;:7 en=1and e, = —%; A (—fj—z) =& (5_2) /o (—Z—z) is the Mill’s

ratio at (—Z—:); and 11;(p,, 04) is an implicit function on (u,,o,) with the following
properties:

i) 1L (1, 02) is C? on the (—o0, +00) X [0, 4+00) space for j = a, h, v;

i1) ) limooﬂj(ux,ax) = —o0 for j =a, h, v;

wi) lim T0(p,;00) =400 for j=a,h; Tim T(u,;0.) = =00 for j =1
Mg =T OO My —>T0O0

YFrom (43) and (44), it is clear that the following Proposition and Corollary can be alternatively
expressed in terms of py and A2.
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i) I;(py; 04) is strictly monotone (increasing) in ju, for j = a,h, and no monotone
for j=r;

v) IL;(py; 04) is convex in p, for j = a,h, and concave for j = v with a global
mazrimum at p) M.

Proof. See Appendiz A5 W

In general, condition (47) implies that the impact of any source of inequality on
E [In hy] is ambiguous. The following corollary elaborates on the characteristics of these
ambiguities, distinguishing between the case of inequality of opportunity (Part A) and
inequality of pure effort (Part B).

Corollary 4. Part A. Inequality of opportunity: A2, A? .

For j = a,h, the function T;(u,;0,) shows, for a given 0., a unique root, i, such
that OF [In ho] JOA? < 0 iff p, > i’ and OF [In hy) JOA? > 0 otherwise. The roots [iy
and ﬁfz verify the following conditions:

D)<t iff a4+ ¢ < £, so that the range of p, under which A2 harmfully affects
E[Inhg] can be larger or smaller than for A? |, depending on the value of o+ .

Y . In 148 ~ —~ .
i) 1 < 0 iff o, > \/2/7 [@- — WL so that % and [i" are negative for a

sufficient level of initial inequality.

Part B. Inequality of pure effort: A%
For j =7, the effect of A2 on E[Inhe] depends on the sign of I3 = IL,(u]™>):

T

i) if TI2 <0, it is true that OF [Inho] /OA2 > 0. A sufficient condition for this is

pl™max < 0, or equivalently o2 > ( ) In ( ;iﬁ)

i) if [ >0, there exist two posztwe roots, p > )l > 0, that divide the real line

into three zomes: p, < pl; w, € [ug,ﬁg] and p, > [). For the 1st and 3rd zones,

OF [In ho] /OA2 > 0, while OF [In he] JOA2 < 0 for the 2nd zome.
Proof. See Appendiz A6 M

The results from Proposition 2 and Corollary 4 are illustrated in Figures 3a and 3b,
where the functions II;(-), j = a, h, 7, are shown for two alternative situations. On the
one hand, Figure 3a illustrates an economy with sufficiently high initial inequality, i.e.,

with o2 > 1 = (giﬁ) 30 Under this situation, IL,(-) is always negative so increases

in the 1nequahty of pure effort always benefit £ [Inhg]. On the other hand, Figure 3b

#This condition on o7 is equivalent to A7 > 5 f’ In (éii)
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considers that o2 < 15__—1;/’ In <%> and illustrates the case of multiple roots in IL, (x,, 0,).

In this case, inequality of pure effort is harmful for E [In hg] when p, € [u_}, ng] Using

simulations (see below), we can check that this special situation is highly unrealistic and,
in fact, the impact of A% on FE [In hy| is positive in most of the cases.

With respect to inequality of opportunity (functions II,(-) and II;(-)), two main pos-
sibilities are found. First, inequality of opportunity is always harmful for F [In hg] when
the economy is sufficiently rich (or py is sufficiently small), i.e., when p, > max(i%, i").
In this situation, the impact of inequality of opportunity through s, prevails over the
other two channels, py and My, because most dynasties are not trapped and, therefore,
accumulate human capital above h (this situation is similar to the result shown in Section
2). Second, only very poor economies, where i, is very low (or py is very high), benefit in
terms of F [In hg| from an increase in inequality of opportunity. Because a high percent-
age of dynasties are initially trapped at h, raising any source of inequality (A?Y but also
A% and A?)) helps those dynasties with better circumstances and free-will parameters to
escape from the trap and, therefore, to start accumulating human capital above h. This
situation is more likely when, in addition, the levels of inequality are low.

INSERT FIGURE 3a and 3b ABOUT HERE

Summing up, the results obtained in Section 2 (Corollaries 1-3) apply to this more
general setting for rich enough economies (high p, or low pg): inequality of opportunity
is harmful for human capital accumulation, while inequality of pure effort is beneficial.
However, for poor enough economies, and even more so for low initial inequality, an
increase of any source of inequality might have a positive impact on the average level of
human capital. Using simulations, these results are illustrated in subsection 3.3 (Figures
4a-4f).

3.2 Steady-state human capital and inequality

After t = 0, dynasties can move upward or downward, which means that p, # po. In
fact, at steady-state, po, is the proportion of dynasties initially with Inh_; < Inh, plus
the proportion of dynasties moving downward, minus the proportion of dynasties moving
upward,
_ d U

Doo = Po +p" —p". (49)
Hence, p., differs from py by the net mobility term, p? — p*. Likewise, the expected
steady-state level of human capital can be expressed as follows:

Ellnhy] = penfi+(1—po)E [mhoo /mm1 > 1nﬁ] (50)
+p"E [In heo /B"] — p?E [ln hoo /Bd] ,
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and using (49), it can be rewritten as,

Elnhy] = E[WmhIM] +p"[E(nhe /B*) —Inh] (51)
—p? [E (Inhe /B*) —Inh], (52)
Enh¥™] = polnfi+ (1-po)E [mhoo /lnh_1 > hﬂ , (53)

where E [In h)™] denotes the expected steady-state level of Inh(t) if dynasties neither
move upward or downward, i.e., p* = p? = 0.

Following the proof of Lemma 3, we can obtain the expression of £ [ln Poo / Inh_; >1Inh

(see Appendix A7), but solving the terms p* and p? requires the calculation of the cu-
mulative density function of a truncated distribution. Worse still, solving £ (In hy, /B*)
and F (ln heo / Bd) requires the calculation of the first-order moments of two trivariate
truncated log-normal distributions. The detailed expressions of these moments are shown
in Appendices A8 and A9, but they are too complex to obtain any clear-cut conclusions.
For this reason, we will use these expressions in subsection 3.3 to simulate the model and
reach its main intuitions.

Nevertheless, a detailed examination of (51) and (53) allows us to highlight an im-
portant result. Since all terms in brackets in (51) are positive, it is clear that increasing
upward mobility and/or reducing downward mobility must be good for the economy. Bet-
ter still, because h,, and h are negatively correlated (see Appendix A7), it can be seen
that £ (Inhe /B*) > E (Inhe /B*). Consequently, if, for example, p* and p? decrease
by the same amount (i.e., Vp* = Vp?), the change in E [Inhy] caused by Vp* will be
higher than the variation coming from Vp?. In this situation, the reduction of p* harms
the achievement of those individuals with the potential to accumulate high levels of h.(7),
while the reduction of p? alleviates the achievement of those individuals that accumulate
low levels of hy (7). We conclude, therefore, that reducing (increasing) mobility in a sym-
metric way is harmful (beneficial) for E [Inhy]. Upward mobility would benefit those
individuals with the potential to accumulate higher levels of human capital, while down-
ward mobility would push those individuals already accumulating low levels of human
capital into the trap.

3.3 Numerical simulations of the non-convex model

To untangle the relationship between the average human capital and the sources of initial
inequality in the non-convex model, we simulate conditions (46), (51) and (53). According
to the previous discussion, we want to show this relationship in the short- and long-run
for a rich (high w, hence high p, and low pg) and a poor economy (low w, hence low 1,
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and high pg).*!

First, we need to assume reasonable values for the parameters and initial distributions
in the model. Some parameters are taken from the relevant literature, while others are
calibrated in order to replicate certain characteristics of an economy in steady-state. The
value of parameter A\ in the Cobb-Douglas technology is set to 0.36 as commonly assumed
in the literature, while 1 in the utility function is set to replicate a ¢/y ratio of 55%
if all agents were homogenous, i.e., assuming h(i) = h for all i. Combining (4), (5)
and (15), it is easy to show that ¢/y = n-(1 — A), hence n = 0.86 in this case. More
difficult is to pin down the precise values of « and ¢ in the composite circumstance index,
0(i). Nevertheless, empirical studies suggest that they, and their sum, are clearly less
than one, thereby we set a = 0.22 and ¢ = 0.26. In addition, as benchmark values we
set the parameter i representing the level of meritocracy in the economy at 0.50, and
the convexity /3 of the effort function at 1. With these values, we obtain an elasticity
of intergenerational mobility £ equal to 0.32, which is close to the average of existing
estimations (Corak, 2013). Nevertheless, the robustness analysis carried out around these
values does not change the main conclusions.

Given these parameters, we initially assume A?; = A? = A? = 1 in (10)-(12), al-
though later on we modify these variances to reproduce the empirical range for A2/2 (i.e,
the MLD index of wages for dynasties with h_; > E) between 0.10, approximately the
average value for Nordic European countries, and 0.55, approximately the average value
for Latin America, the region with largest levels of inequality according to recent World
Bank estimates. Lastly, to simplify the numerical exercise, we set @ = h = 7 = 1, the
real interest rate 7 to 0.05, normalize & to 1, and adjust A and w, which are one-to-one
related from (4), to replicate initial levels of poverty py to 10% (low) and 95% (high).??

The strategy of the simulations is the following: first, we evaluate the expressions
for the means i, p, and p, and their corresponding second moments 52, 02 and A2

xT

second, the set of probabilities pg, p*, p?, the resultant p., and the expressions for My(-)
and M (-) are obtained; finally, we simulate E [Inhe, /B"] and E [In he /B*] using the
expressions developed in the Appendix A9. For all cases, we check whether functions
IT;(+) and II5°(-) show the desired properties. Figures 4a-4f show the relationship between
the average human capital and Ty(w;), when the change in Ty(w;) comes exclusively from
one of the alternative sources of inequality, A2, A%, or A2.** As commented above, the
selected range for A2, A%, and A? is such that Ty(w;) ranges from 0.1 to 0.55. The
solid-line curves and the dashed-line curves represent the expected level of human capital

31The results for intermediate economies, although not shown, are similar to those for rich economies.

3270 replicate py = 0.10, we set w = 57 and A = 8.693, while for py = 0.95, we set w = 1.5 and
A =0.935.

¥ Recall that in our framework, any change in A}, A2 or A? is equivalent to modifying the associated
level of inequality, while keeping the mean of the distribution and the rest of parameters unchanged.
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(in logs) for ¢ = 0 and steady-state, respectively. Any curve simulated for any period
along the transition (not shown for simplicity) falls between these two.

We first give the results for rich economies (Figures 4a, 4c and 4e). For this kind of
economy, most dynasties converge to their high steady-state so our results are, at least
locally, equivalent to those obtained in Section 2 (Corollary 2 and Figures la-1c). For
rich (enough) economies, inequality of opportunity generally harms the accumulation of
human capital and real income, while inequality of pure effort benefits the economy. Note
that, as in Section 2 (Figures la-1c), the effect of A%, on the average human capital
at steady-state is null. However, this clear-cut result blurs when a very poor economy
is considered (Figures 4b, 4d and 4f). In this situation, most dynasties are, sooner or
later, trapped at h. The key (and simple) mechanism to improving human capital is
generating upward mobility, pushing more advantaged dynasties out of the trap. For
this result, given that the means remain unchanged by construction, we only need an
increase in any kind of inequality. For very poor economies and low levels of inequality,
the relationship between the average human capital and inequality is, in general, positive
regardless of the type of inequality considered. However, as inequality increases and
more dynasties move out of the trap, the results come closer to those obtained for rich
economies. As a result, when the increase in total inequality is mainly explained by the
inequality-of-opportunity components, the relationship shows -except for A%, at steady-
state- an inverted U shape (Figure 4b and 4d). On the contrary, the relationship is
positive and convex when variations in total inequality are caused by changes in the
pure-effort-inequality component (Figure 4f).34

Summing up, this simulation exercise shows that increasing any type of inequality
benefits average human capital accumulation (and thus average wages and income) when
the economy has a large initial poverty rate and low initial inequality. The reduction of
the percentage of individuals in the trap caused by the upward-mobility effect prevails over
the other mechanisms or channels. The important implication for empirical applications
is that mixing economies with large differences in levels of development, poverty and
inequality, as well as degrees of meritocracy and intergenerational mobility, might generate
non-robust and perhaps misleading conclusions regarding the relationship between growth
and the different sources of inequality.

34 For intermediate economies a strong increase in any source of inequality promotes downward mobility,
so that the results for inequality of pure effort in Figure 4e and 4f might be reversed, while the negative
impact of inequality of opportunity is always present.
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4 Empirical evidence

To test empirically the results depicted in the previous sections, we need a sufficiently large
sample of country-year information on income inequality (/) and inequality of opportunity
(10). Unfortunately, there are still few micro databases with such information because
estimations of /O require not only comparable measures of individual disposable income
but also information on individual circumstances. For this reason, our limited sample
of countries will prevent us from carrying out a comprehensive quantitative analysis of
the causal relationship between IO and human capital, although it will allow us to check
whether the empirical correlations are consistent with the main theoretical results in
Section 2 and 3.3’

Although the final sample is not very large, fortunately for our analysis estimates of
I and 10 exist for countries with different degrees of development (see Table 1). For
developed countries with low poverty rates (EU-18) and transitory economies (East Eu-
ropean countries), we use the estimates in Marrero and Rodriguez (2012) computed from
the EU Survey on Income, Social Inclusion and Living Conditions (EU-SILC) for 2005.%
For developing countries with intermediate poverty rates, we consider the sample of Latin
American countries (Brazil, Colombia, Ecuador, Guatemala, Panama and Peru) in Fer-
reira and Gignoux (2011), and the 7O estimates for Chile in Baéz et al. (2011) and Turkey
in Ferreira et al. (2011). Finally, for less developed countries with high poverty rates, we
use the 70O estimates of African countries (Ghana, Guinea, Ivory Coast, Madagascar and
Uganda) in Cogneau and Mesplé-Somps (2009), South Africa in Piraino (2012), Egypt in
Belhaj-Hassine (2012) and India in Singh (2011).3” For these countries, Table 1 shows
also the information on per capita real income (in US dollars, 2005), Y pc, obtained from

35Because it is implausible to observe all the relevant circumstances (in most cases, only parental
education, race and the place of birth are observed), the resultant IO estimates are a lower bound. As
a result, since the standard way to calculate the inequality of effort component (IE) is IO from overall
inequality, I F estimates could be significantly biased by unobserved circumstances. For this reason, our
analysis has not considered I'FE estimates and, instead, has focused on total inequality and 1O. See
Ferreira and Gignoux (2011) for a detailed discussion on this issue.

36 Originally, Marrero and Rodriguez (2012) estimated overall inequality and IO for 23 European coun-
tries. We enlarge their original sample by also including Iceland, Cyprus and Luxembourg.

37 Although the databases from which these estimates are obtained present differences in quality, the
applied methodology is not always the same and the number of circumstances differs, we use all of them in
order to have as many observations as possible. All the studies applied the parametric technique proposed
in Ferreira and Gignoux (2011) except for Baéz et al. (2011) and Cogneau and Mesplé-Somps (2009).
With respect to the inequality index, all the studies considered the MLD, except Belhaj-Hassine (2012)
and Cogneau and Mesplé-Somps (2009) who used the Theil index and Ferreira et al. (2011) who used
the variance. Finally, Ferreira et al. (2011) and Cogneau and Mesplé-Somps (2009) used consumption
instead of income.

The indices of inequality and IO used for India and Egypt are those referring to the first three cohorts
(21-50 years old for India and 20-49 years old for Egypt) as is usual in the IO literature.
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the UN Statistics Division, and the average of human capital, h, measured as the average
percentage of individuals among those aged 25-64 years with at least a second level of
education in 2010, according to the Barro and Lee database (v. 1.3, 04/13).3

Looking at the values in Table 1, we first make some illustrative comparisons. Focus-
ing on the Western EU (developed) countries, it can be seen that the Nordic countries
(Denmark, Norway, Sweden, Finland and Iceland), Germany, Austria and the Netherlands
are not only the richest countries but also have very low /0; on the contrary, Portugal,
Greece, Cyprus and Spain present lower levels of per capita income and higher 70 in
comparison with the rest of the Western EU countries. This clear-cut division disappears
when looking at middle income regions, i.e., Eastern Europe and Latin America. Mean-
while, when looking at the poorest region (African countries and India), it can be observed
that South Africa and Egypt present both high values of per capita real income and 70,
which contradicts the evidence for developed countries and, therefore, is consistent with
the non-convexities found in Section 3.

In Table 2 some simple but appealing regressions are shown. In particular, we estimate
by OLS five different models, all of them including regional dummies (see the division in
Table 1), and focus on the partial correlation between I, IO and average human cap-
ital (in logs). In the first column, it is observed that overall inequality has a positive
but insignificant correlation with human capital. Moreover, this correlation remains in-
significant when controlling for per capita income. Since we are controlling for per capita
GDP, these two results accord with Corollary 3 (Section 2), which said that the impact of
overall income inequality on p, is undefined a priori and depends on which component of
inequality (opportunity or effort) dominates. Following the arguments in that Corollary,
we introduce IO into the regression as an additional control (column 3). Now, while the
partial correlation between /O and p, is negative and significant, the coefficient of I is
positive but becomes significant - now, I is capturing more the pure-effort component of
total inequality.

In addition, we try to evaluate some theoretical consequences of the non-convex model
(columns 4 and 5). In particular, we cross the IO term with the regional dummies and
introduce them into the regression. We observe that the coefficient estimated for 10 is
strongly negative and significant for EU-18, while for regions with intermediate levels of
development (i.e., East European countries and Latin America), the estimated coefficients
are positive and negative, respectively, but insignificant. However, for the set poorest
region, the estimated coefficient turns positive and significant. However, when controlling
for the degree of inequality and development, the log of per capita GDP, the correlation of
all the /O-crossed variables becomes negative although it is significant only for the richest
countries. Again, the estimated coefficient of total inequality is positive and significant

38 Guinea and Madagascar are not included in Table 1 because the Barro-Lee database does not contain
these two countries.
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(as in column 3).

In conclusion, applying some caution, we can say that the theoretical results high-
lighted in Sections 2 and 3 are generally consistent with the existing observations. In
particular, we observe that the impact of overall inequality on p, is positive, negative, or
null depending on the control set considered, that the equalization of opportunity exerts
a positive effect on p,, and that the higher a country’s degree of development, the larger
the negative effect of 10 on the average level of human capital.

5 Conclusions

The way overall income inequality affects growth is more complex than what the liter-
ature has commonly assumed since total inequality is actually a composite measure of
different inequalities which might have opposite effects on growth. Taking human capital
accumulation as the main engine of growth, we consider two complementary sources of
heterogeneity, namely differences in free-will to exert effort and differences in factors (cir-
cumstances) beyond the individual’s control such as parental background, race, place of
birth or health endowments. In this setting, the functioning of credit markets is irrelevant
because free-will and individual circumstances are non-purchasable and, therefore, there
are no markets for them.

Under a stylized convex process of human capital accumulation, we find that the re-
turns to human capital are decreasing. Hence, compensating for bad circumstances is
growth enhancing since marginal returns to human capital are higher for those individu-
als who have less favorable circumstances. In the same manner, rewarding effort would
enhance growth because the marginal returns to human capital are larger for those in-
dividuals with a higher aversion to effort. The lack of robustness of the literature on
the impact of total inequality on growth is therefore explained, at least partially, on the
grounds of which of the different components, opportunity or free-will (pure effort), dom-
inates the change in total inequality. When the change in overall inequality comes from
equal changes in inequality of free-will and inequality of opportunity, the impact of to-
tal inequality on average human capital becomes ambiguous and depends on certain key
characteristics of the economy, such as the degree of meritocracy.

This is not, however, the whole story, since traps in the accumulation of human capi-
tal may exist. After considering the existence of non-convexities in the process of human
capital accumulation, the impact of inequality of opportunity and inequality of free-will
on growth becomes less evident because the multiplicity of steady-states implies a com-
plex non-linear relationship between the sources of total inequality (opportunities and
free-will) and human capital. On the one hand, inequality of opportunity may affect
growth positively if the economy presents a high poverty rate and a relatively low level

27



ECINEQ WP 2014 - 327 March 2014

of inequality, but negatively otherwise. On the other hand, inequality of pure effort will
still benefit human capital accumulation in general and hence ongoing growth.

The following conclusion emerges. In the early stages of development, when the econ-
omy is poor and inequality is low, increases in any kind of inequality are good because
they allow dynasties to get out of the trap. Later on, as the economy becomes richer and
fewer individuals are trapped, an increase in inequality of opportunity will be a deterrent
to growth, while an increase in inequality of free-will will enhance growth. As a result, in
order to avoid misleading conclusions in future empirical work on the relationship between
inequality and the different sources of inequality and growth, researchers should be careful
when mixing economies or regions with large differences in poverty rates, total inequality
and other crucial characteristics like the degree of meritocracy.
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6 Appendix

A1l. Proof of Proposition 1
To characterize the distribution of h:, we take logs in (22),

G LA g
lnht(z)—ﬁ+¢+ 51 Ina(i) — ﬁ+¢ ny(i) + ﬂ+¢lnht 1(7) (54)
where G = (1 — ) 1In (#) (14 B)¢In[(1 —n)*w?*]. Given the assumptions of the

model, it is clear that In g is normally distributed, In hg ~ N (pg, A2), with

G 4B—Y 1y |
Ho = ﬁ+¢+ 10 Elna B_HpEln'y—i—f,u_l, (55)
, (B =0\, (1_2/1>2 2 | (2A2

A = ( G0 ) AL+ 510 AT+ E7AT. (56)

Hence, In /; is also normally distributed for all ¢, In iy ~ N (ju,, A?). To obtain yu, we need
to take expected values in (54), and solve the resulting linear equation in first differences,

G +Bw—d 11—y |
Mt_5+w+ 5+ Flna ﬁ_i_wElnv—Ffut,l. (57)

Solving this equation for the steady-state, p, = p;,_; = fio,, Wwe have

G (1+B8)Y -1 1—1
= + Elna— —— Eln~, 58
b = 5—0 " B0 T Fr—o T o)
which is globally stable because £ = m < 1. The solution to (57) is
P = Hoo + (Ho = H1og) - (59)

Using (55) and (58), it is straighforward to obtain

o — g = 251G+ (A4 By~ 9) E(Ima(@)) — (1~ ) Elny]
0 oo ﬁ+¢_ﬁ

+&Elnh,  (60)

and plugging this term into (59) we have,

fiy = oo [1— €T 4 p_ €7 (61)
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The process for the variance A? is computed following similar steps. Taking variance
in (54),

2 2
ap = (W) e (120) a2t (62)

42 <%> ¢.Cov[lna,Inhy 1]

-2 <%> ¢-Cov[lny,Inh;q].

Computing the covariances is straighforward, hence we can rewritte (62) as
1 R AY 1—\?
B+ B+

t—1 t—1
To simplify » &7, we use the general expression » a/ = 1__‘5, given that a = £ < 1 in our
j=0 =0

t—1

AZ = 1420y ¢
j=0

+ A7 . (63)

1

case, it leads to

1 — 9\’ 1—\?
B+ B+
Its steady-state equilibrium - i.e., setting A? = A? | = A? and taking limits when ¢ — 0o
- is

_ oettl
A2 {1+g 2

e } + A2 (64)
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which is globally stable because £ = ﬁ < 1. The solution to (64) is

A} = A2+ (A5 — AZ) & (66)

and using (56) and (65), after tedious calculations, we obtain

A= A2, [1 - €] 4 A2, 200, (67)

A2. Proof of Corollary 3
We are interested in finding out the impact of overall income inequality, To(w;), on f,.
Assuming that the linear relationship

py = a—+ bTy(wy) + cZ (68)
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exists, we look for the sign of b. We find two possible cases:
Part A) To(wy) L Z
From (24) we know that

-4 (1+p)p—9

B4 —1 o(7) = Br¢—0 Tﬂ(a)} (1= &7 = To(hn)E™ (69)

Nt:WO‘*‘{

_ N _ ~ -~ A2
where o = [miw + agﬁ?fﬁf Ina — 5;;619 In ’y] [1 — Etﬂ}—l—ln h-£1F1 To(v) = =5, To(a) =

%3 and Ty(h_q) = A;‘ L. Noting that Ty(w;) = Ty(h:) and differentiating the expression in

(25) we have

(1+ﬁ)¢—19>2 < 1—49 >2 4172 2(t+1)
dT = ||———"F—| dIbo(a)+ | 7—— | dTi 1-— +dTo(h- :
ot = | (GEDESE) e+ (52505 ) )| [ € 4o
(70)
Furthermore, dTy(a) and dTy(h_1) can be written as linear functions of d7y(7y) as follows:
dTy(a) = <dTo(v) (71)
where ¢, 5 € R. Inserting the last two expressions in (70) we have, dde;O(gt)) =
1 dTo(a) _ . dTo(v) dTo(h—1) _  dTo(v)
[(“Efﬁ;ﬁ)zﬁ(gi;%)ﬂ [1_£t+1]2+%§2<t+1>’ dTOO(wt) N dTOO(wt) and dTOo(wtl) - dToo(wt)‘ Now,

consider (68) and (69) and derive p, with respect to Tp(w;) in both expressions. Then,
the result is:

1= (+8)p—9 t+1 t+1
[ﬁww = g} [1-&7] =5

~ a7 - 2 N2
000 ™ [(oka) + (5252) ] (- 4 e

Although the slope b can be positive, negative or null in general, assuming particular
values for ¢ and s allows us to predict a particular sign for b. Let’s study the most
interesting cases:

i) If the change of Ty (w;) comes entirely from Ty (), the slope b will be positive. In this

case, the parameters ¢ and s converge to zero so we find: lim b = 1_£t+1]1( =y > 0.

5,0 Fo—0

i1) If the change of Ty(w;) comes entirely from Ty(a), or To(h_1), or both, the slope

(73)

b will be negative. In the first case, we have lim b= — Srarme—rs < 0. For the
§—00,%—0 [ (557
second case we obtain (l)im b = —gt% < 0, while for the last case we find lim b =
¢—0,2c—00 G, —00

1] A+B8)y =9 1
N v s

e (G e
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iii) If the change of Ty(wy) is due to the same change in Tp(a) and Ty(7y), or in
To(h—1) and Ty(y), or in To(a), To(y) and Tyh(h_1) the slope b will have an unknown

A=y)—(1+B)yY(A—(ate))
Btyp—19

sign. For these three cases we have, respectively: lim b=

—9\2 _ 2
e =[BT (st Tl
. 1—131 1—gt+l]_gt+l . (17¢)7(1+5)7ﬁ(17(a+w)) 1—gtFt]_gt+l
lim b = 16_17 ;[ HI]Q D and lim b = (Lﬁ)wwﬁ;w ﬂl_w 2][ - 1]2 .
§—0,2c—1 (m) [1-¢ ] +¢ s—=lx—l [( Brv—0 ) +(,6+1/;—19) ][175+ | et
However, these limits have a well defined sign when, in addition, ¢ — 0: lim b=
¢—1,5c—0,1p—0
lim b = lim b=p8>0 or¢y — 1 lim b= —-—2147 <0.
0ol = Ay =P » or ¥ s 101 =(550)"
lim b=-—5<0and lim b=-— : < 0.
i et () ] )

Part B) Tp(w;) and Z are not independent. In this case, we find two interesting results.

'iU) Z = (T()(CIJ,T()(h,l))

We first rewrite (25) in terms of Ty(wy), To(a), To(h_1) and Ty(7y), and solve it for
TO(’}/)v

2
M) N prv=v) gt+1
( = (1+p8)p—9 ( = )
TO(’Y) = 1_—§t+1 TO(wt)_<v To(a)— 1_—515—5—1 To(hfl). (74)
Then, plugging the last expression into equation (24), we obtain:
py = mo — m1-To(a) — 7T2'T0(h71) + m3-To(wy), (75)
b S D T E¥:) S WSS CSV NP [ Y SN Sl INIR NG e R
where Ty = ﬁﬂ)_ﬁ—l— Fro—g Ma— gy —\ 7w +Inh&, T =
14+-8)¢p—19) (14+Brhp—19) [1—¢t T BAy—9 Y et+1 Bty—y
( ) (54_);_19)(1_12)[ ] > 07 Ty = §t+1 ll + %] > (0 and T3 = (1_153111) > 0.

In this case, it is clear that Tp(w;) has a positive impact on the average human capital,
while the impacts of Ty(h_;) and Ty(a) are negative.

v) Z = (To(a), Ty(7))

Let us rewrite again (25) in terms of To(w;), To(a), To(h_1) and Ty(vy), but solve it for
To(h_1). Then, substituting the resultant expression into (24), we have:

py = mo — 01-To(a) + d2-To(y) — 3-To(wy), (76)
(B0 [1-¢"1] ((1+8)yp—0)[1-¢"7] (=) 1= (1—y)[1-¢'+]
where §; = = 1 - (Brop—0)ertT ; 02 = B+yp—19 1+ (B+y—9)ett!

> 0 and 03 = g,ﬁ% > 0. Now, To(w;) shows a negative impact on p,, while the impact of

To(7) is positive. In this case, the impact of Ty(a) remains uncertain.
A similar reasoning applies for Z = (To(h-1), To(7))-
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A3. Proof of Lemma 1

The proof of the first part of the Lemma comes directly from plugging (18) into V(i)
in (17), using V°(i) = w-h and solving the inequality V(i) — V°(i) > 0 for 0(i). The
second part of the Lemma comes from using V(i) = w-h and rewriting (17) in terms of
el(i). Hence, the incentive-to-effort condition can be rewritten as follows:

V(i) = VO(i) > 0 < w- [h'(i) — h] —y(i)-€"(i)F > 0. (77)

From this expression, it is clear that the incentive-to-effort condition implies that ht(i) >
h. Plugging (18) and (20) into (77), condition (77) can be rewritten as

Vi) = V(i) > 0 < ®[0(i), (i), w] > h, (78)

where

. . (BN [ A+Y)w ﬁ. e
opO0l= (T5) gm0 ™

Using (79), it is easy to solve (78) for (i) and obtain the incentive-to-effort condition
0(i) > 6(i) given by (32). By plugging (21) into (32) and solving the resultant inequality
for h;_1(7), the incentive-to-effort condition can be rewritten in terms of parental human
capital

Finally, using the expressions for €(7) and e'(i) in (31) and (20), respectively, and the
definition of @[] in (79), we have

@ [0(3), (i), w] = h & €' (i) =

(555) () oo o

Because the term in brackets is always positive, (80) proves that the incentive-to-effort
condition is consistent with el(i) > (7).

A4. Proof of Lemma 3 _

Let’s define the rnadom variable Xg = h_;—h. Next, let’s assuming that (In¢ (h_1), Xo)
follows a bivariate normal distribution, we can apply the following result for truncated
bivariate normal distributions (see Green, 2008, pp. 883):

N Cov(In¢ (h—1), Xo)

Og

En¢(h_y) /Xy > 0] = E[InC (h_,)]

k(ag), (81)
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where

A2 (L—a—P?(L+B)¢-A2 | (1—v)° A

ConllaClha). %) = Y Gty T 9Grd) D
- 5'0-9257
o(2) o=
rlag) = ( ) = < ) (83)

1_¢<—_l~‘z) 1 —po

Oz

Thus, the result in (45) is straighforward.

A5. Proof of Proposition 2 B
Deriving the expression in (46), we have 8]58[21;‘0} = % Inh + a%;?(’)uo + (1 —po) %A‘;

+ % for j = a,h and 7. From the condition in (28) and the definition of G, we

have pi; = Inh +1n (;iﬁ) +&p,. Then, substituting the latter expression into the former

and considering that pg =1 — & (Z—Z), we obtain:

2(x)

OA?

OF [Inho] o (M=
oAz

19 o
for j = a, h and 7.

B+ 6+¢ 8A§ OA?

" E)
From the definitions of p, and 02 it can be shown that ” 5= 5], —ggﬂg = 21 2
] or J
a(Le) 1-a— 1-
_ _ ¢ _ _ v
and Az = <1+5» g) where ¢, = atp 0 Eh = 1 and e, = —=~. More-

over, it is true that @’ (a—z) = ¢ <Z—2> = ¢ <_Z_2)’ ¢ (—5—2) =9 (_Z_z) o= and 2%3
= g% (1 + %Mz*’ g—%) o) (—“—w). As a result, we can divide both sides of (84) by

Oz

. n 62 EA €5
¢ (~£) and obtain eyl = o (£+%) [ (52) + 6] - ey
2
250 <1 + uw + “”) where A () is the Mill’s ratio (Greene, 2008). Hence, 8%21;0} >

0 iff — <€—j+a—§) [ln (giﬁ) +§M4 - M + f(l—l— =i, + %) > 0. Rearrang-

. . . . . . L. 1 1 148
ing and simplifying terms, this condition can be rewritten as ¢ (E—j + 02) In <m) +

€
A <—g&) —-1<0.
Thus, 22180l ~ 0 iff 11,( =g L w 0. Th behind thi
ToAT [y Oo) = = —|— 13 n(TZ) < e intuition behind this

B+
ambiguity is the following. From above, it can be shown that dp,/ 8A§ = 2 , hence the
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effect of A% on E [In ¢ (h_1)] is strictly positive for A2 and strictly negative for A} and A
However, we ﬁnd that (1 —po)/0AT > 0 iff ¢; (1 + aj&) < 0 and OMy(p,, 0,)/OAT > 0

iff £ P + > 0 for j = a, h and ~. Therefore, we see that the last two effects are

amblguous (they depend on the relative magnitude of p, and 02) and, consequently, the
overall impact of A? (j = a, h and ) on E [In he] is ambiguous in general.

Regarding the properties of II;(u,,0.), we use the following characteristics of the
Mill’s ratio (Baricz, 2008): the Mill’s ratio A(z) is [? on the (—oo, +-00) space; it is strictly
monotone (decreasing), ' (z) < 0, and convex, \" (z) > 0; and its limits are lim A(z) =

Z——00

+o0o and lim A(z) = 0. From the first property the proof of i) is trivial. Moreover, we

Z—+00

have that hm IT;(pt,,04) = —oo for all j = a, h and v, because lim A(—£2) =0. On
P fg—>—00 @

the other hand 1115_1 (4, 0,) = +00 for j = a and h, because in these cases ¢; > 0;
however, ¢; < 0 fbr j =1 so lirﬂ IL;(py,, 02) = 00 — co. After applying the L’Hopital
pg—>+00
rule, we find that lirE I1;(p,, 05) = —oo for j = v (note that the Mill’s ratio is convex
fip =00

while ; is linear in pu,, therefore, the former converges faster to —oo than the latter to

. . . . oM(p,,02) 1 9 )\/<_%>
+00). To prove condition iv), we calculate the derivative “on. — oI T ol (12’

which is strictly positive for j = a and h because their associated ¢, and ¢, are positive
and N <—i—z> < 0. On the contrary, M
because €, = —% so that the final result depends on the levels of u, and o,. Finally,

1 )\//( Mx)
7o e m(H)
is positive for j = a and h, but negative for j = . Hence, for j = ~, the solution of

% = 0 defines a global maximum.
Ko

A6. Proof of Corollary 4

Part A.

From the definition of II; (y1,,0,) (j = a and h) in Proposition 3, it is straightfor-
ward to show that ]I;‘ < uy iff €5, < &,. Then, considering the values ¢, = la—p

can be positive or negative for j = 7,

for condition v), the second derivative of IL;(-) is equal to for all j, which

a+e
and ¢, = 1, we obtain condition i). To prove condition i), notice that 11,(0,0,) =
Eij 1+B (/502 —¢;) | because A(0) = /7/2 (Baricz, 2008). Moreover, there is a

negatlve root, 2 < 0, if and only if T1; (0, ,) > 0 because II;(-) is monotone increasing

for j = a and h. Hence, ﬁ; <0iff o, > /2/7 [Sj I

Part B.
The existance of cases i) (no ambiguity) and i) (ambiguity) is trivial from the prop-
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erties of IL,(yu,,0,) (see Proposition 3). With respect to the first case, the sufficient

condition is obtained as follows. First, we set ¢, = —17 and compute IL, ()™, 0,)
¥ max 1+ $oz /\( ’YGI:aX)
=B — % —¢£ n(220) . From this result it is clear that p™** < 0 guarantees
z (545

that IL,(u2™*,0,) < 0. Next, we ellaborate on % =5+ (&L) I\HE e ; =0 to

Q=
8 8
/? +
SIS
8 I8
N—
|
—_

obtain the corresponding condition for p)™. By using \’ <—g—z) = —t=

we have p)™m** = ( ;’fmax) [U% (1;9 In (éii) — 1] Hence, p)™* < 0 is equivalent to
P —— z

ox

o2 > 1 d’ In (;ii) With respect to the second case, given the previous result, it is easy

to see that p)™®* > 0 is a necessary (but not sufficient) condition for this case. In addi-
tion, it is true that IL,(0,0,) < 0 for e, = —% so that whenever the roots of IL, (u,, o)
exist, they are always positive.

AT7. Detailed expression of F [In((hs)/Xo > 0]
Following the same strategy as in Lemma 3 for ¢ = 0, we obtain

B (o) /X0 > 0] = prog + 5 +Z . :1 __pOA);1x¢ <—“—) . (85)

We know that Cov(In heo, Xo) = —Cov(In e, In ) because h does not depend on h_.
Taking logs in the definitions of h., and h and considering the fact that cov(a,~y) = 0, we

obtain Cov(In he, Xo) = 1&;@ J’ 591) (o(j+<f) A2 + WA% Then, recalling from (44) and
(29) that 02 = A? | + (ﬁ) A2 + (T) A? the result in (85) is straightforward.

AS8. Detailed expressions of p* and p?
Recalling from the main text that X, = (m - h) ~ N (,,0%) and Inf ~

N (ﬁ, £2), we have that p* = po1-Pr[Xo <0/Y > 0] where Y = Inh — Inh. That is,

Pt = pop-® (—_NXO/Y”), where

0Xy/Y>0
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Cov(Xo,Inh)

Hxoyyso = E[Xo/Y >0]=p, - T“(“ﬂa (86)
Cov(Xo,Inh) = —A? (87)
Klay) = %,ay ~ “_Tlnh (88)
Pyso = Var[Xo/¥ >0 = o? |1 COU(XOEZI(Z) ) s)

0 (ay) = rlay)[slay) —ay]. (90)

Rearranging terms, we have:

Hxo/y>0 = Hg T A-k(ay), - (91)
lay) = ooy~ (92)
Jg{o/Y>0 = O—i [1 - %5 (aY)] ) (93)
d(ay) = klay)[klay) —ay]. (94)

Likewise, we have that p? = po3-Pr[Xy > 0/R > 0] where R = (ln% —1In hoo> ~
N(pp, A%) with pp = f1— p,, and A% = A2+A2 —2-cov(In hy, lnﬁ) We know from Ap-

pendix A7 that Cov(In hs, In h) = (1(’;? ww 591) (;Jr;f) A2 ﬁ(j 7 d%) 5A?, and using the corre-
: : N2 2 2 _ (l—a—p)*(B+4)* (1-)* (ﬁ+w) 2
sponding expressions of A and AZ , we find that A%, = ( T 0) (ate) 24 G0y AZ,
. . s (B+1)? 2 Hxo/R>0
which is indeed equal to Bro_0) ;A2 As a result, p? = pes- (1 - ® ($)), where
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B+ — 9 Cov(Xo, R)

Hxo/R>0 = E[Xo/R> 0] = p, + Bt A K(ar), (95)

_ B+v)
Cov(Xo,R) = —mN (96)
W) T e e T 54y A o
0%yms0 = Var[Xo/R>0] = (98)

(8 + 1 — ) Cov(Xo, R)?

= = ey 52;% 0 (QR)] ’ %)
d(ar) = k(ag)|k(ar) — ag) (100)

Rearranging terms, we obtain the following:
Bxopso = E[Xo/R>0] = p, — Ar(ag), (101)
B AR TR (102)
0%ors0 = Var[Xo/R>0] =07 |1- ?—22-5 (OzR)] : (103)
d(ar) = k(ag)|k(ar) —ag]. (104)

A9. Detailed expressions of E (Inh. /B") and E (Inhs /B?)

The terms E (Inhe /B*) and FE (Inhe /B?) correspond to the first moment of a
truncated trivariate normal distribution. From the literature we know that the trivariate
normal density with average vector p € R3 and covariance matrix X is:

#2(x) = (2m) /2 |82 exp {—% (x—p) S (x - u)}  xeR.  (105)

Accordingly, the trivariate truncated normal density, truncated at a € R? is defined as

égzﬁg"z(x), forx > a
0, otherwise

or=e 9 = { (106)

where o« = Pr [ Xy > a1, X3 > ag, X3 > a3]. By applying the moment generating function
to (106), Manjunath and Wilhelm (2009) obtained the first moment of the trivariate
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truncated normal distribution:*?

E(XZ‘X:[ > ay ﬂXQ > a9 ﬂXg > CL3> = Uy (107)

3
1 o0 E
3o, o = ay)d

+a 2 ik B3 (X(2k); Th ag)dX (2x)

A(£k)

where (# k) denotes that the k-th array component has been dropped from the vector
and

oF (x) = (2m) 2|3 exp {—%xlzlx} . (108)

In order to compute the integral of the last term in (107) and following Tallis (1961),
we use without loss of generality a z-transformation for all variates x"= (z1,22,73) as well
as for all lower truncation points a'= (ay, as, az), resulting in a N (0, R) distribution with
correlation matrix R for the standarized untruncated variates. Then, we have

[e's) ag — W 1 ap — U
O3 (23 21 = ©)dz ) = — o ‘
5 20 Ok o ok

where ¢ = 1, 2,3 with ¢ # k, Ry, is the matrix of first-order partial correlation coefficients
and -
O2(Asg; Rie) = | 65" (2w ) d2 (k) (110)
A,

with

(111)

Then, noting that p;, = = Uk, the first moment of the trivariate truncated normal distri-
bution can be rewritten as follows:

E(Xi|X, > a1 N Xy > a3 N X3 > ag) = pt; + — Z Pt “k)@Q(Akq,Rk) (112)

Notice that all terms involving ¢, where ¢ is a function of any a;, = —oo, are zero.

Focusing now on the average human capital for those dynasties who experience upward
mobility, £ (In h., /B"), assume that (In Ay, Inh —Inh,Inh —Inh_;) follows a trivariate
normal distribution. Then, noting that « is actually p* and the lower truncation array a
is (—00,0,0), we have

39 Actually, these authors found the first and second moments of the rectangularly doubly truncated
multivariate normal density.
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o “+oo +oo
E(Inhe /B*) = jig+ u12 ¢(_&)/ Gy (21, 235 Pr3.2) d2adzg - (113)
p~02 02 J_oo JAg3

PEY “%/m " 5y (1, 223 praa) dind
- 15 <2 i 1 2
Do . 2 12.3

where p,, , is the partial correlation coefficient between X, and X, for fixed Xj.. Moreover,
1

we find that o m&z 09 = A Lo = Inh —[i; 013 = —019; 03 = (£2 + A2_1> 2;
~ (**JFQ‘Psz) ( M2+ p23)
_ o 2 _ o3 o . — — _ 023 .
M3y = M (hlh ) Agg = —\/@ ; Asa —m 5 P32 P23 0203 and
023 = —A2. Tt can be seen that the result in (81) is obtained as a particular case of the

last expression when ay = —o0.
In a similar manner, we can obtain the average human capital for those dynasties who
experience downward mobility, F (ln heo / Bd). In particular, assuming that (In A, Inh—

Inh_q, Inh —In hso) follows a trivariate normal distribution, we have

o +oo  pAsa
E(nhe /BY) = jiog—— ¢(—?)/ Gy (21, 245 p14.3) dz1dza

plos
—+00 —+o00
014
+ dl ¢(_&)/ $a (21, 235 Pr3.4) d21d 23, (114)
p o4 04 J-oo JAus
_ (B0 A2 Bt RN, ., o~ : (B B)
where now 14 = — =0 A% gy = Frog D My = [ — fooy Ase = W
_ <_7+7 p34> 034 .
A43 o 1*934 ) P43 = P3a = 0304 and 034 B T wﬁer VA2,
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FIGURES

Figures 1a-1f. Average human capital, inequality and meritocracy

> Fig. 1a. E(logh) Vs. Aa in the simple model
.

Fig. 1b. E(logh) Vs. A-1 in the simple model
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Figures 2a-2d. Human capital dynamics of alternative dynasties

| Figure 2a. Case 1: Unique ‘high’ steady-state equilibrium
B.(®] (globally stable) :

h (i)
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hi)  n 1 (i) h_,(i)

Figure 2c. Case 3: Unigue ‘low’ steady-state equilibrium
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Figure 2b. Case 2: Multiplicity of equilibria: ‘low’ and ‘high’

steady-states
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Figures 3a-3b. Inequality (opportunity and free-will) and initial human capital

Figure 3a. Economy with high
H(ﬂx; O'x) 11, () initial inequality
HH () Economy with sufficiently large o, :

Sufficient condition: o, > ﬁ, In 45
gty
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\
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H( U0 ) Figure 3b. Economy with
’ A low initial inequality
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Figures 4a-4f.
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TABLES
Table 1. Average level of education and indices of inequality

Country Year Ypc In®pc h Inth | 10

Austria 2005 37,048 10.5200 75.6 4.3255 0.1181 0.0060
Belgium 2005 36,234 10.4978 77.6 4.3516 0.1031 0.0123
Cyprus 2005 22,298 10.0123 67.2 4.2077 0.1250 0.0244
Denmark 2005 47,546 10.7695 62.2 4.1304 0.0689 0.0013
Finland 2005 37,331 10.5276 70.1 4.2499 0.1160 0.0038
France 2005 34,002 10.4342 82.0 4.4067 0.1096 0.0097
Germany 2005 33,514 10.4197 92.0 4.5218 0.1305 0.0027
Greece 2005 21,468 9.9743 68.0 4.2195 0.2127 0.0230
Iceland 2005 54,884 10.9130 62.0 4.1271 0.1090 0.0052
Ireland 2005 48,761 10.7947 81.8 4.4043 0.1611 0.0242
Italy 2005 30,446 10.3237 73.1 4.2918 0.1874 0.0220
Luxembourg 2005 82,370 11.3190 70.0 4.2485 0.1613 0.0379
Netherlands 2005 39,157 10.5753 87.6 4.4728 0.0884 0.0041
Norway 2005 65,767 11.0939 99.2 4.5971 0.1169 0.0048
Portugal 2005 18,196 9.8090 41.1 3.7160 0.2264 0.0503
Spain 2005 26,058 10.1681 73.2 4.2932 0.2144 0.0286
Sweden 2005 41,042 10.6224 87.5 4.4716 0.1095 0.0087
UK 2005 38,135 10.5489 65.4 4.1805 0.1952 0.0199
CzecR. 2005 12,726 9.4514 86.6 4.4613 0.1196 0.0070
Estonia 2005 10,330 9.2428 94.5 4.5486 0.1985 0.0218
Hungary 2005 10,937 9.2999 94.8 4.5518 0.1314 0.0152
Latvia 2005 6,913 8.8412 95.3 4.5570 0.2995 0.0213
Lithuania 2005 7,641 8.9413 93.6 4.5390 0.2482 0.0358
Poland 2005 7,963 8.9826 81.7 4.4031 0.2649 0.0272
Slovakia 2005 8,844 9.0875 83.7 4.4272 0.1251 0.0045
Slovenia 2005 17,840 9.7892 95.3 4.5570 0.0873 0.0084
Brazil 1996 5,109 8.5388 47.7 3.8649 0.6920 0.2230
Colombia 2003 2,268 7.7267 47.8 3.8670 0.5720 0.1330
Ecuador 2006 3,058 8.0255 45.0 3.8067 0.5800 0.1500
Guatemala 2000 1,530 7.3330 18.1 2.8959 0.5930 0.1990
Panama 2003 4,138 8.3280 62.1 4.1287 0.6300 0.1900
Peru 2001 2,057 7.6290 64.8 4.1713 0.5570 0.1560
Chile 2009 10,179 9.2281 68.6 4.2283 0.4005 0.0542
Turkey 2003/04 5,833 8.6713 36.9 3.6082 0.3620 0.0948
Egypt 2006 1,426 7.2626 51.2 3.9357 0.3627 0.0477
India 2004/05 735 6.5999 38.7 3.6558 0.4088 0.0837
Ghana 1998 656 6.4862 53.8 3.9853 0.4000 0.0450
Ivory@oast 1985/88 893 6.7946 22.2 3.1001 0.3700 0.0500
South@frica 2008/10 5,689 8.6463 67.1 4.2062 0.6750 0.1690
Uganda 1992 179 5.1874 14.9 2.7014 0.4300 0.0400

Note: Data source for the per capita real income (in US dollars, 2005): the

UN Statistics Division; Data source for the average human capital: Barro and
Lee Database (v.1.3, 04/13). Data source for I and I0: Marrero and Rodriguez
(2012a); Ferreira and Gignoux (2011); Piraino (2012); Ferreira et al. (2011); Baéz
et al. (2011); Belhaj-Hassine (2012); Singh (2011); and Cogneau and Mesple-Somps
(2008). See Section 4 for a description of the main characteristics of the data sources

considered in this Table.
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Table 2. The

Average Human Capital (1)

effect of different sources of inequality on the average human capital

€ (@) (©) 4 ©)
| 0.1924 0.3404 1.8708** -- 2.0951*
(0.7816) (0.4378) (0.8982) (1.2263)
InYpc -- 0.3388***  0.3685*** -~ 0.3587**
(0.0867) (0.0916) (0.1345)
10 -- -- -4.4642* -- --
(2.6561)
I0x EU -- -- -- -8.7809** -10.9958* *
(4.1825) (4.2847)
10 x East -- -- -- 1.0946 -4.8942
(2.1097) (7.1985)
10 x Lat -- -- -- -2.5490 -4.2105
(2.6637) (2.8644)
10 x Afr -- -- -- 6.5195** -4.6354
(2.8024) (5.1694)
Regional Dummies Yes Yes Yes Yes Yes
Intercept Yes Yes Yes Yes Yes
Obs. 40 40 40 40 40
Adj_R° 053 0.71 0.74 0.64 0.75

Note: Standard errors in parenthesis; * significant at 10%, ** significant at 5%,

significant at 1%.
See note in Table 1.
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