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Abstract

The paper derives the conditions under which income inequality measured with the Gini index
is expected to increase or decrease if missing observations are added at the top or/and at the
bottom of an income distribution. It shows that adding observations on the extremes of the
income distribution does not necessarily result in an increase in inequality, but that meeting
the conditions for obtaining a decrease in inequality is unlikely. It also shows that adding
observations at the top weighs more on inequality than adding observations at the bottom.
These findings are confirmed by an application to US states data. Adding observations on
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recovering missing observations at the top should be prioritized.
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1 Introduction

It is well aknowledged in the economic literature that top incomes are not well measured
in household surveys resulting in a likely underestimation of income inequality (Cowell and
Victoria-Feser, 1996, Atkinson et al., 2011, Hlasny and Verme, 2018b, Hlasny and Verme,
2018a). Less explored is the impact on inequality of missing observations at the bottom of
the income distribution and also the direction of changes in inequality when observations
are added at the top and at bottom of an income distribution.

Missing observations at the bottom are an increasing sizable problem. According to the
International Organization for Migration (IOM), global migration has increased between
1990 and 2015 in absolute terms (from 153m to 244m people) and relatively to the world
population (from 2.9% to 3.3%)1 and most of these migrants should be expected to be
poor.2 Forced migrants are not captured in national censuses or surveys whereas national
statistical offices typically struggle to capture internal or illegal migrants. This is a po-
tentially relevant phnomenon for the meaurement of inequality for both countries of origin
and destination.

From a purely mathematical perspective, it can be shown that inequality does not nec-
essarily increase if observations are added at the bottom, at the top or at both ends of
an income distribution. This paper clarifies this point and provides the conditions under
which income inequality should be expected to increase or decrease when observations are
added to the tails of the distribution (Section 2). It also provides an empirical application
that shows how inequality should be expected to change if all poor and rich individuals
are accounted for (Section 3). Results show that inequality almost invariably increases by
adding observations on the tails of an income distribution but that missing a few obser-
vations at the top is much more relevant than missing many observations at the bottom.
This justifies the scholarly focus on top incomes.

2 The Model

Let us assume there are n individuals in a society. Each i-th individuals is endowed with
income xi ∈ {R+∪0}. The vector X = [x1, x2, . . . , xn] summarizes the income distribution
in the society and µX is the mean income of distribution X. For simplicity of exposition,
let us assume that incomes are ordered, in such a way that x1 < x2 < . . . < xn.

1https://www.iom.int/wmr/chapter-2
2Most economic migrants should be expected to be low income relatively to destination countries and

most of the 71.4m forced migrants estimated by the United Nations High Commissioner for Refugees
(UNHCR) should be expected to be poor. For example, as many as 90% of the Syrian refugees in Jordan
and Lebanon have been found to be poor (Verme et al., 2016). Note also that displacement crises can account
for up to 50% of the host population (Verme and Schuettler, 2018) resulting in a significant addition to the
bottom of the income distribution of host countries.
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We are interested in understanding the impact on inequality of adding to the original
distribution more individuals at the top and/or at the bottom of the distribution. By
adding more individuals at the top (bottom) we mean duplicating the richer (poorer) indi-
vidual in the observed distribution t−times (b−times), with t, b ∈ N. Starting from the
observed distribution X, we can generate other three hypothetical new distributions: XB,
obtained from X by adding b new individuals having the same welfare level of the worse-off
individual in the population; XT , obtained from X by adding t new individuals having the
same welfare level of the richest in the original distribution; and XTB, obtained from X by
adding both t individuals at the top and b individuals at the bottom of the distribution.
The three new distributions are described as follows:

XB = [ x1, x1, . . . , x1︸ ︷︷ ︸
b times

, x1, x2, . . . , xn︸ ︷︷ ︸
X

]

XT = [ x1, x2, . . . , xn︸ ︷︷ ︸
X

, xn, xn, . . . , nn︸ ︷︷ ︸
t times

]

XBT = [ x1, x1, . . . , x1︸ ︷︷ ︸
b times

, x1, x2, . . . , xn︸ ︷︷ ︸
X

, xn, xn, . . . , nn︸ ︷︷ ︸
t times

]

Inequality is measured using the Gini index, described in following equation (1) (for a
summary of the different possible formulation of the Gini index, see Ceriani and Verme,
2012):

GX =
1

n2µX

n∑

i=1

∑

j>i

(xj − xi) (1)

Since the Gini index gives more weight to changes occurring at the center of the distri-
bution, and we are analyzing perturbations occurring at the tails, any conclusion we draw
can be losely interpreted as the lower-bound estimate of the distributional impact of such
changes.

Looking at equation (1), it is intuitive to notice that replicating observations at the
tails of the distribution affects inequality via: (i) a population effect (change in n); (ii) a
mean effect (change in µX), and (iii) a deprivation effect (changes in the arguments of the
double sum). The three effects influence the index differently, and the overall impact of a
change at the tails of the distribution is not straightforward.

We can express the number of individuals added at the top and at the bottom as a
share of the total initial population: t = τn and b = βn, with τ, β ∈ R+. And the in-
come level of the richest individual in the population and of the poorer individual in the
population as a function of the original distribution mean income: xn = λµX , λ > 1 and
x1 = γµX , 0 ≤ γ ≤ 1. Then, as equations (2), (3), (4) summarize, the Gini index of the
new distributions can be expressed only as functions of the original distribution’s Gini in-
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dex (GX), the number of new individuals added at the bottom or top of the distribution as
a share of the initial population (β and τ respectively), and the relative size of the welfare
level of the poorer and richer individuals in the original distribution (γ and λ respectively).3

Table 1: Gini indices for different distributions where more observations are added at the
extremes

Distribution Gini Index

XB GXB =
GX + β(1− γ)
(1 + β)(1 + βγ)

(2)

XT GXT =
GX + τ(λ− 1)
(1 + τ)(1 + τλ)

(3)

XBT GXBT =
GX + τ(λ− 1) + β(1− γ)
(1 + β + τ)(1 + βγ + τλ)

(4)

Next, we are interested in understanding how inequality is affected when more individ-
uals are included at the extremes. In particular, we are interested in finding the conditions
such that: (i) adding more individual at the bottom increases inequality with respect to
the original distribution (GXB ≥ GX); (ii) adding more individual at the top increases
inequality with respect to the original distribution (GXT ≥ GX); adding individual at the
top of the distribution generates higher inequality than adding individuals at the bottom
of the distribution (GXT ≥ GXB ); and (iv) adding individuals both at both extremes
of the original distribution increases inequality with respect to the original distribution
(GXBT ≥ GX). Table (2) summarizes the conditions for the four hypothesis to hold.

Hypothesis (H1) always holds whenever the welfare level of the poorest individual in
society is zero (which is very likely when using a welfare aggregate such as income, con-
sumption or expenditure). In this case, adding more individuals at the bottom always
implies an increase in inequality. This is not necessarily true when the welfare level of the
poorest individual in the society is different from zero. In this case, (H1) is most likely to
hold the smallest is the share of individuals added at the bottom of the distribution (β),
the smallest the level of wellbeing of the poorest individual in the population (γ), and the
smallest the initial Gini index (GX).

3The mathematical passages to obtain equations (2), (3), (4) are provided in the Appendix.
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Table 2: Understanding inequality changes after adding extreme incomes

Hypothesis Condition

(H1) GXB ≥ GX β ≤ (1− γ)−GX(γ + 1)
GXγ

, and GX ≤
1− γ
1 + γ

if γ 6= 0

GX ≤ 1 if γ = 0

(H2) GXT ≥ GX τ ≤ (λ− 1)−GX(λ+ 1)
GXλ

, and GX ≤
λ− 1
λ+ 1

(H3) GXT ≥ GXB

If γ = 0:

β ≤ A−GXB
B −A , and

where A = GX + τ(λ− 1) and B = (1 + τ)(1 + τλ)

(H4) GXBT ≥ GX GX ≤
τ(λ− 1) + β(1− γ)

(1 + β + τ)(1 + βγ + τλ)− 1

Adding more individuals at the top of the distribution is more likely to increase in-
equality (e.g. (H2) holds) the smallest the share of population added at the top of the
distribution (τ), the smallest the initial inequality measure (GX), and the largest the level
of wellbeing of the richest individual in the population relative to the mean (λ).

Inequality is likely to be higher when individuals are added at the top rather than at
the bottom of the distribution (hypothesis (H3)) the smallest the number of individual
added at the bottom of the distribution (β), the smallest the share of individuals added at
the top (τ), and the smallest the initial Gini index (GX).

Finally, if the initial inequality level is high enough, adding more individuals at the
bottom and at the top of the distribution may lead to a higher inequality level (e.g. (H4)
holds).

Notice that the conditions such that (H1), (H2), (H3) and (H4) hold can be empirically
tested using real household budget survey data.We only need few information on the initial
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income distribution: (i) the initial Gini index (GX), how large is the income level of the
poorest and the richest individual in the original distribution relative to the mean income
(γ and λ respectively), and the number of added individuals at the bottom and/or at the
top as a share of the initial population (β and τ respectively).

3 Empirical Application

For the empirical exercise, we use the 2016 wave of the United States’ Current Population
Survey and consider inequality in the 50 states of the Union. This is a unique data set in
that we have comparable figures for 50 population groups characterized by a high degree
of within group and between group inequality.4 In 2016, the Gini index computed on total
household per capita income in the US ranged from 0.38 in New Hampshire to 0.51 in the
District of Columbia, with an average of 0.48. The average income per capita in the 50
US states was 32,245 dollars, ranging from 23,630 dollars in Mississippi to 52,532 dollars
in the District of Columbia. The income of the richest individual was on average 21 times
mean income, ranging from 8.4 times in Kentucky to 43 times in Vermont. The income of
the poorest individuals was zero in all 51 states in our sample (see Table ?? for details).

Based on existing population statistics, it is also possible to provide gross estimates of
the likely upper bounds of population changes at the bottom and at the top of the income
distribution. The Census Bureau’s estimates of population changes by state between 2015
and 2016 ranged from 0.01 to 2.02 percent.5 The rate of natural increase of the population
(the difference between the number of live births and the number of deaths occurring in a
year) between July 2017 and July 2018 ranged between 0.06 and 0.59 percent across states.
The annual internal interstate migration rate in the US between 2001 and 2010 was about
1.7 percent of the US population. This internal migration rate has been declining over the
years and is similar in size for the top and bottom income 50 percent of the population
(Molloy et al., 2017). Legal immigration in 2016 accounted for a migrant-population ratio
of 0.37 percent.6 The unauthorized migrant stock in the US in 2016 was estimated at 10.7m
accounting for a share of 3.3 percent of the US population, which should be expected to be
made of mostly low income individuals. Even if the full stock of unauthorized immigrants
was legalized overnight, the maximum percentage variation in the US population would be
below 4 percent with most of this people adding to the bottom of the income distribution.
Therefore, upper bound estimates for population changes at the top and at the bottom of
the income distribution in the US can be reasonably set at 1 and 3 percent respectively.

4For a full description of this data set, its variance within and across states and an analysis of missing
observations see Hlasny and Verme, 2017.

5Estimated from Table 1. Annual Estimates of the Resident Population for the United States, Regions,
States, and Puerto Rico: April 1, 2010 to July 1, 2018 wired at: https://www.census.gov/data/tables/time-
series.

6Or 1.183m people: https://www.migrationpolicy.org/programs/data-hub/us-immigration-trends.
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These estimates provide the benchmarks for testing the hypotheses outlined in Table
(2). Results are as follows:

• (H1) Since the poorest individuals in all states have zero income (γ = 0), (H1) is
always satisfied: adding more individuals with zero income will always increase the
Gini index with respect to the initial distribution;

• (H2) Given the initial distributions observed in the data, adding more top incomes
will always increase inequality. The conditions under which (H2) holds (GXT ≥ GX)
are in fact easily satisfied: the share of individuals added at the top must not exceed,
on average, 104 percent, and that the initial Gini index must be, on average, smaller
than 0.89;

• (H3) Adding 1 percent of the population at the top will result in a level if inequality
always higher than inequality computed on any distribution where new individuals
with zero incomes are added at the bottom, provided the share of individuals included
at the bottom (β) does not exceed, on average, 18 percent. Such restriction on β
ranges from 5 percent in Kentucky to 39 percent in Vermont;

• (H4) Finally, we search for the condition such that adding more observations at both
extremes increases inequality (H4). Keeping τ = 0.01, we let the share of individuals
added at the bottom (β) to vary between 1 and 3 percent (similar results are found
if we let β vary up to 100 percent). For inequality to increase when missing incomes
are added at the top and at the bottom of the distribution, the initial Gini index
must be smaller than 0.795 at the least (this is the most stringent condition, which
refers to Kentucky, when both β and τ are set to 1 percent). This condition is always
satisfied in the data.

4 Concluding Remarks

The paper has provided the mathematical treatment of the conditions under which income
inequality increases or decreases if individuals are added at the top or at the bottom of
the income distribution. The theoretical part showed that adding observations on the
extremes of the income distribution does not necessarily result in an increase in inequality.
It also showed that adding observations at the top is more likely to increase inequality
than adding observations at the bottom and that the conditions to obtain a reduction in
income inequality by adding observations on the tails of the distribution are unlikely to
materialize with real data. The empirical application to the US 50 states confirms that
adding observations at the top or at the bottom of the income distribution invariably results
in an increase in inequality. Nevertheless, adding observations at the bottom has always
a much more limited impact on increasing income inequality than adding observations at
the top of the distribution. In order to have a complete picture of inequality, missing
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observations must be added at both extremes. But a few missing incomes at the top might
generate much larger biases than a sizable number of missing incomes at the bottom, a
fact that justifies the past focus on top incomes.
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A1 Appendix

A1.1 Derivation of Gini Index for distributions XB, XT , XBT

Let us define x0 = γµX , and xn = λµX

GXB =
1

(βn+ n)2µXB

βn+n∑

i=1

∑

j>i

(xj − xi)

=
1

(n+ βn)2 1
(n+βn)

∑n+βn
i=1 xi




n∑

i=1

∑

j>i

(xj − xi) + nβ
∑

j>0

(xj − x0)




=
1

(n+ βn)(nµX + βnx0)
(
n2µXGX + n2βµX − n2βx0

)

=
n2 (µXGX + βµX − βγµX)
n2(1 + β)(µX + βγµX)

=
µX (GX + β − βγ)
µX(1 + β)(1 + βγ)

=
GX + β(1− γ)
(1 + β)(1 + βγ)

GXT =
1

(n+ τn)2µXT

n+τn∑

i=1

∑

j>i

(xj − xi)

=
1

(n+ τn)2 1
(n+τn)

∑n+τn
i=1 xi




n∑

i=1

∑

j>i

(xj − xi) + nτ
n∑

i=1

(xn − xi)




=
1

(n+ τn)(nµX + τnx0)
(
n2µXGX + n2τxn − n2τµX

)

=
n2 (µXGX + τλµX − τµX)
n2(1 + τ)(µX + τλµX)

=
µX (GX + τλ− τ)
µX(1 + τ)(1 + τλ)

=
GX + τ(λ− 1)
(1 + τ)(1 + τλ)
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GXBT =
1

(βn+ n+ τn)2µXT

βn+n+τn∑

i=1

∑

j>i

(xj − xi)

=
1

(βn+n+τn)2

(βn+n+τn)

∑βn+n+τn
i=1 xi


nβ

∑

j>0

(xj − x0) +
n∑

i=1

∑

j>i

(xj − xi) + nτ
n∑

i=1

(xn − xi)




=
1

(βn+ n+ τn)(βnx0 + nµX + τnxn)
(
n2βµX − n2βx0 + n2µXGX + n2τxn − n2τµX

)

=
n2 (βµX − βx0 + µXGX + τxn − τµX)
n2(β + 1 + τ)(βγµX + µX + τλµX)

=
µX (β − βγ +GX + τλ− τ)
µX(β + 1 + τ)(βγ + 1 + τλ)

=
β(1− γ) +GX + τ(λ− 1)
(β + 1 + τ)(βγ + 1 + τλ)

A1.2 Testing the Hypothesis

H1

If γ 6= 0:

GXB ≥ GX
GX + β(1− γ)
(1 + β)(1 + βγ)

≥ GX

GX + β(1− γ) ≥ GX(1 + β)(1 + βγ)
GX −GX −GXβγ −GXβ −GXβ2γ ≥ −β + βγ

−GXγ −GX −GXβγ ≥ −1 + γ

β ≤ (1− γ)−GX(γ + 1)
GXγ

And since β ≥ 0, (1− γ)−GX(γ + 1) ≥ 0, or GX ≤ 1−γ
1+γ .

If γ = 0:

GXB ≥ GX
GX + β

(1 + β)
≥ GX

GX + β −GX −GXβ ≥ 0
GX ≤ 1
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H2

GXT ≥ GX
GX + τ(λ− 1)
(1 + τ)(1 + τλ)

≥ GX

GX + τ(λ− 1) ≥ (GX + τGX)(1 + τλ)
GX + τλ− τ ≥ GX +GXτλ+GXτ +GXτ

2λ

λ− 1 ≥ GXλ+GX +GXτλ

τ ≤ (λ− 1)−GX(λ+ 1)
GXλ

And since τ ≥ 0, (λ− 1)−GX(λ+ 1) ≥ 0, or GX ≤ λ−1
λ+1 .

H3

GXT ≥ GXB

GX + τ(λ− 1)
(1 + τ)(1 + τλ)

≥ GX + β(1− γ)
(1 + β)(1 + βγ)

If γ = 0:

GX + τ(λ− 1)
(1 + τ)(1 + τλ)

≥ GX + β

(1 + β)
GX + τ(λ− 1)−GX(1 + τ)(1 + τλ) ≥ β(1 + τ)(1 + τλ)− β [GX + τ(λ− 1)]

β ≤ GX + τ(λ− 1)−GX(1 + τ)(1 + τλ)
(1 + τ)(1 + τλ)−GX + τ(λ− 1)

Since β ≥ 0, the right hand side of the inequality must be greater or equal than zero. The
denominator is by definition greater than zero. For the numerator to be greater than zero:

GX + τ(λ− 1)−GX(1 + τ)(1 + τλ) ≥ 0
GX + τλ− τ −GX −GXτ −GXτλ−GXτ2λ ≥ 0

τ ≤ λ− 1−GX −GXλ
GXλ

τ ≤ (λ− 1)−GX(λ+ 1)
GXλ

Finally, τ ≥ 0, therefore (λ− 1)−GX(λ+ 1) ≥ 0, or GX ≤ λ−1
λ+1 .
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H4

GXBT ≥ GX
GX + τ(λ− 1) + β(1− γ)
(1 + β + τ)(1 + βγ + τλ)

≥ GX

GX + τ(λ− 1) + β(1− γ) ≥ GX(1 + β + τ)(1 + βγ + τλ)
GX [1− (1 + β + τ)(1 + βγ + τλ)] ≥ − [τ(λ− 1) + β(1− γ)]
GX [(1 + β + τ)(1 + βγ + τλ)− 1] ≤ τ(λ− 1) + β(1− γ)

GX ≤ τ(λ− 1) + β(1− γ)
(1 + β + τ)(1 + βγ + τλ)− 1

12

ECINEQ WP 2019 - 490 January 2019


