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Abstract

Additive social evaluation measures have been proposed and are commonly used to assess well-
being with an ordinal variable. In this paper, we derive appropriate functional-form restrictions
allowing additive social evaluation measures for ordinal variables to provide different degrees
of priority to those relatively worse-off. To assess the robustness of societal well-being compar-
isons to alternative choices of distribution-sensitive measures, we propose tractable stochastic
dominance conditions for different degrees of priority.
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1. Well-being evaluation with an ordinal variable

Non-monetary ordinal variables are frequently used for assessing societal well-being. Exam-
ples abound, ranging from different types of subjective well-being variables (e.g. OECD,
2013) to variables capturing access to basic services of varying quality (e.g. WHO and
UNICEF, 2015). Unlike cardinally measurable variables, however, only ordered categories
are observed for ordinal variables. Formally, suppose, well-being in a hypothetical society
is assessed by some variable consisting of a fixed set of S > 2 ordered categories ¢y, ..., cg.
Category cg, for every s, reflects a strictly better-off situation than category c,_; and is
denoted by c¢; =w cs_1, where >y is a binary and transitive relation. Thus, category cg
reflects the highest level of well-being; whereas, category c; reflects the lowest level. Each
individual experiences only one category. The population proportion experiencing category
cs is denoted by ps, where ps > 0 for all s and Zle ps = 1. We denote the distribution of
population proportions (i.e. relative frequencies) across S categories by p = (p1, ..., ps) and
the set of all such distributions over S categories by P.

While evaluating societal well-being using an ordinal variable, especially in the subjective
well-being literature, it is customary to assign some numerical valuation or scale (e.g. Cantril
Ladder) to each category, respecting the categories’ order, and to use an additive measure for
evaluating overall social well-being (e.g. see Helliwell et al., 2019). We denote the numerical
evaluation or scale of every category s by ws € R such that w, < w,; for all s < ¢ and
summarise all S scales by vector w = (wy, ..., ws). We denote the class of additive societal
well-being measures by:

S
W(p) =) psws. (1.1)

We denote the class of all well-being measures in Equation 1.1 by W. Such measures have
been axiomatically characterised by Gravel et al. (2011) and Apouey et al. (2019) and have
been used by Gravel et al. (2020) to derive normative criteria for ranking distributions of an
ordinal variable. All measures in W are additively decomposable; i.e. overall societal well-
being can be expressed as a population-weighted average of the population subgroups’ well-
being, whenever that society’s population is divided into mutually exclusive and collectively
exhaustive subgroups.

Crucially, all measures in W satisfy monotonicity; i.e. they are sensitive to the order of the
categories such that, all else unchanged, if an individual moves to a more affluent category,
society’s overall well-being evaluation should be higher. Though monotonicity is an impor-
tant property, it does not ensure that well-being evaluations are robust across alternative
scales (Allison and Foster, 2004). Moreover, as shown in the following illustration, mono-
tonicity does not ensure that priority is given to relatively worse-off people. Consider the
following four different population distributions across six ordered categories (S = 6):

pA =(0.1,0.2,0.2,0.2,0.2,0.1),  p® = (0.05,0.25,0.2,0.2,0.2,0.1),
pC = (0.1,0.2,0.2,0.2,0.15,0.15), p2 =(0.1,0.15,0.2,0.2,0.2,0.15).

Note that distribution p? is obtained from p# by moving 5% of population from the lowest
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category to the second-lowest category; distribution p® is obtained from p# by moving 5%
of population from the second-highest category to the highest category; and distribution p”
is obtained from p4 by moving 5% of population from the second-lowest category to the
highest category. Combining a measure in VW with a scale akin to a Cantril Ladder like
w = (1,2,3,4,5,6), we obtain the following social evaluation ranking:

W(p?) < W(p”) = W(p“) < W(p"). (1.2)

Monotonicity explains and justifies why social evaluations are higher for p?, p¢ and p”
than for p#. But the rankings among p”, p and p” could be controversial. Unlike distri-
butions p¢ and p”, distribution p? has been obtained from distribution p# by improving
the situation of 5% of the population experiencing the worst category. Hence, contrary to
the ranking in expression 1.2, should the social evaluation of p? be higher than that of both
p¢ and p”? The answer depends on the degree of priority the social planner is willing to
give to those relatively worse-off. The next section presents different normative criteria for
providing different degrees of priorities to the relatively worse-off.

2. Providing priority to the worse-off

Ethically-grounded appeals to render social welfare evaluations sensitivity to inequality (e.g.
Atkinson, 1970; Foster and Sen, 1997; Kolm, 1998) together with the United Nations’ renewed
pledge to ‘leaving no one behind’ (United Nations, 2018), justify devising social evaluation
measures that, effectively, prioritise improvements among those experiencing the worst cat-
egories. Recently, Gravel et al. (2020) and Apouey et al. (2019) have proposed ways to
incorporate sensitivity to inequality in the additive social evaluation measures presented in
Equation 1.1. Specifically, Gravel et al. (2020) pioneered the operationalisation of Hammond
transfers (Hammond, 1976) in the case of ordinal variables, while Apouey et al. (2019) put
forward the remarkably identical equity principle. In general, the Hammond transfer princi-
ple requires that a reduction in the gap between a poorer individual and a richer one, ceteris
paribus, should improve social evaluation, irrespective of the size of the gain for the poorer
individual and the size of the loss for the richer one, as long as their relative ranks remain
unaltered.!

In this paper, instead of being unduly restrictive, we introduce an intuitive normative cri-
terion for giving different degrees of priority to the worse-off when assessing well-being in
the ordinal-variable framework, drawing from Parfit (1997) and Seth and Yalonetzky (2020).
The degrees of priority vary between a minimum and a maximum. In one extreme, the
minimal priority (PRI-MIN) criterion requires that, ceteris paribus, moving an € fraction of
worse-off people to an adjacent improved category should lead to a larger increase in social
well-being than moving an € fraction of a relatively better-off people to a respective adjacent
improved category. In the other extreme, the mazimal priority (PRI-MAX) criterion, which

'With continuous variables, the well-known Pigou-Dalton transfer principle is a particular case of the Ham-
mond transfer principle, with the additional restriction that the sizes of the gains and losses should be
equal.
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is conceptually equivalent to the Hammond transfer principle for ordinal variables (Gravel
et al., 2020), requires that, ceteris paribus, moving an e fraction of worse-off people to an
adjacent improved category should lead to a larger increase in well-being than moving an
e fraction of relatively better-off people to any improved category. With more than three
categories, intermediate forms of priority between minimal and maximal are also feasible.

We refer to the general property as priority to the worse-off of order a (PRI-a), which
requires that, ceteris paribus, moving an e fraction of worse-off people to an adjacent improved
category leads to a larger increase in social well-being than moving an € fraction of better-off
people up to an a (> 1) number of adjacent improved categories. A formal general statement
of the property, which includes PRI-MIN (i.e. a = 1) and PRI-MAX (i.e. a =S —2) as
limiting cases, is the following:

Priority of order a to the worse-off (PRI-a) For any p,p’,q' € P, for some o € N
such that 1 < o < .S — 2, for some s < t < S and for some € € (0,1), if (i) p’ is obtained
from p such that p. = p, — € while p/, = p, Yu # {s,s + 1}, and (ii) ¢’ is obtained from p
such that ¢; = p, — € while ¢/, = p, Yu # {t,min{t + «, S}}, then W(p’) > W(q’) for any
Wew.

As the value of « increases, a social planner’s prioritisation of the worse-off rises. In Theorem
2.1, we present the subclasses of measures W, that satisfy the PRI-« property:

Theorem 2.1 For any S > 3 and for some o € N such that 1 < a < § — 2, a well-being
measure W € W satisfies property PRI-« if and only if

a. 2Ws > W1 +Wsioq Vs =2,..., 85 —aand 2wy > ws_ 1 +wsVs=S—a+1,...,5—1
whenever o < 5§ — 3.

b. 2wy > ws_1 +wg Vs =2,...,5 — 1 whenever a = .5 — 2.

Proof. The sufficiency part is straightforward. We prove the necessity part as follows.
Suppose, S > 3 and a € N such that 1 < o < S — 2. Consider some s’ < t < S — 2.
Now, p’ is obtained from p, such that p,, = py — € while p!, = p, Yu # {s,s + 1},
and so pl,,; = py+1 + €. Likewise, q’ is obtained from p, such that ¢; = p, — € while
¢, = pu Yu # {t, '} for some t' = min{t + a, S}, and so ¢, = pr + €. So, by property PRI-a:

W(p') > W(d). (2.1)
Combining Equations 1.1 and 2.1 and substituting t = s’ +1 = s for any s =2,...,5 — 1,

we obtain
Wy — We_1 > Wy — W, (2.2)

First, suppose /' = s+ a < S or s < S —a. Then, wy = w,y, and Equation 2.2 results in
2ws — ws_1 > Weyy forall s = 2,...,5 — a. Second, suppose t' = min{s + «, S} = S or

s > S — a. Hence, Equation 2.2 results in 2w, — ws_1 >wg Vs=S—a+1,...,5—1. n
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In Corollaries 2.1 and 2.2, we present two limiting cases that satisfy properties PRI-MIN
and PRI-MAX, respectively, which directly follow from Theorem 2.1:

Corollary 2.1 For any S > 3, a well-being measure W € W satisfies property PRI-MIN
(i.e., PRI-a for a = 1) if and only if 2w, > w1 +weyy Vs =2,...,5 — 1.2

Corollary 2.2 For any S > 3, a well-being measure W &€ W satisfies property PRI-MAX
(i.e., PRI-a for @ = S — 2) if and only if 2wy > ws 1 + wg Vs =2,...,5 — 1.

By way of illustration, Table 1 compares well-being evaluation rankings of the four distribu-
tion from the previous section (p#, p?, p© and p?) using scales satisfying different degrees
of priority (o = 1,2,3,4). Clearly, for any degree of priority, p? yields higher level of social
well-being than p©. However, with relatively low priority (o = 1,2), p” has higher level
of social well-being than p®. By contrast, when maximum priority is provided to people
relatively worse-off (i.e. a = 4), then social well-being becomes higher in p? than even in

p”.

Table 1: Degree of priority and social well-being ranking

a Scale-vector (w) Well-being rankings

1 (1,2.2,3.3,4.3,5.2,6) W (p?) < W(pY) < W(p?) < W(pP)
2 (1,3.2,4.5,5.3,5.7,6)  W(p?) < W(pY) < W(p?) < W(pP)
3 (1,3.5,4.8,5.5,5.8,6) W(p") < W(pY) < W(p?) =W(pP)
4 (1,3.6,4.9,5.5,5.8,6) W (p?) < W(p“) < W(pP) < W(p?)

3. Priority dominance conditions

In this section, we present tractable dominance conditions to test the robustness of a well-
being ranking of distributions to alternative reasonable comparison criteria for all well-being
measures in subclass W, for some « € {1,2, ..., S—2}. We refer to dominance for a particular
value of a as PRI-a dominance. In order to conclude dominance between two distributions
for some «, we are required to compare the weighted sums of population proportions of
these two distributions for S — 1 distinct sets of weights. We denote the 7" set of weights
by w" = (w],...,ws) forall r =1,...,5 — 1 and derive the explicit values of these weights
(WrvVs=1,...,Sand ¥r =1,...,5 —1) in Theorem 3.1 drawing from Seth and Yalonetzky
(2020, Theorem 4).

2The restriction in Corollary 2.1 is identical to that obtained by Apouey et al. (2019, Proposition 2). However,

we should point out that the result, as claimed by Apouey et al. (2019), does not follow from their own
equity principle property. Consider two distributions p’ = (%, 0,0, %) and q' = (0, %, 0, %) as suggested by
Apouey et al. (2019) and a scale-vector w = (0, &, =, +). Clearly, W(p') > W(q'), contradicting their
claim.
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Theorem 3.1 For any p,q € P, for some S > 3, and for some o € [1,S — 2] C N, W(p) >
W(q) for all W € W, if and only if, with at least one strict inequality, Zle wl(ps — qs) <
O0Vr=1,...,5 — 1 such that

¢

0 fors>randr=1,...,5—-1
1 fors=landr=1,...,5 -1
21=s fors=2,...;randr=2,...,a+1
21"—5
fors=r—a,...;,randr=a+2,...,5 -1
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Proof. By our definition above, we know that wg —w; > 0. Consider the following variable
transformation wy = (wg — w;)/(wg — wq) for all s. Clearly, 1 = w; > wy > -++ > wg = 0.
For p,q € P, define P(p) = Zsszlwsps. Note that P(p) is the additively decomposable
poverty measure for ordinal variables introduced by Seth and Yalonetzky (2020, Theorem 1)
when the poverty threshold category is fixed at c¢g_; (i.e. there is only one non-deprivation
category, namely cg).*

Then we can easily establish that W (p)—W(q) > 0if and only if P(p)—P(q) = 3.5, w.(ps—
qs) < 0, since P(p) = (wg — W(p))/(ws —wy) and so W(p) — W(q) = —(ws — w1)[P(p) —
P(q)]. Moreover, if scales in w satisfy the restrictions defining the class W, (Theorem 2.1),
then it can be easily verified that the weights in w = (wy,...,ws) satisfy the restrictions
defining the class of poverty measures P, presented in Theorem 2 of Seth and Yalonetzky
(2020) with poverty threshold category cs_1.”

Hence, the dominance conditions presented in Theorem 4 of Seth and Yalonetzky (2020) for
poverty threshold category cg_; are applicable to ascertain whether W (p)—W(q) > 0 for all
W € W, because Theorem 4 states that Zle wh(ps—qs) <0Vr=1,...,5—1 (with at least
one strict inequality and the w! as defined in Theorem 3.1) if and only if P(p) — P(q) <0
for all P € P,. This completes our proof. =

Theorem 3.1 states that, for a given o € [1,2,...,.5 — 2], well-being in distribution p is

3By |b] for any b € Ry, we denote the largest possible non-negative integer that is not greater than b.

4Note that Seth and Yalonetzky (2020) denote the poverty measure for a threshold category c; for some
ke{l,2,...,5 —1} by P(p,c). For a fixed poverty threshold category cg_1, however, we simply use the
notation P(p).

5For instance, consider the case a = S — 2 in Theorem 2.1. Subtracting 2wg from both sides, dividing by
(wg — wy) and rearranging, yields: 2ws < ws_1 for all s = 2,...,.5 — 1, which is essentially the restriction
defining the class of poverty measures Pg_o in Seth and Yalonetzky (2020).
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higher than that in distribution q for all W € W, (i.e., p PRI-a dominates q) if and only if
ZSSZI wips < ZSS=1 wigs forall r =1,...,5 — 1 with at least one strict inequality.

4. Concluding remarks

Building on previous attempts in the literature on well-being measurement with ordinal
variables, we have gone fruitfully further in the direction of operationalising different concepts
of ‘priority to the less advantaged’, which ensures that the policy-maker has an incentive to
assist those relatively worse off. This proposal echoes the notions of precedence to poorer
people among the poor put forward by Seth and Yalonetzky (2020). We have shown that it is
possible to devise reasonable social evaluation measures prioritising well-being improvements
among the less advantaged when variables are ordinal. We have axiomatically characterised
subclasses of ordinal-variable welfare measures based on different degrees of priority to the
less advantaged. Each subclass is defined by a restriction on the admissible scale-vectors.
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