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Abstract

We study inequality decomposition by population subgroups. We define proper-
ties of a satisfactory decomposition and ask what they imply for the decompo-
sition of familiar inequality indices. We find that the Gini coefficient, the gen-
eralized entropy indices, and the Foster-Shneyerov indices all admit satisfactory
decomposition formulas derived from a common set of axioms. While our ax-
iomatic approach recovers the known decomposition formulas for the generalized
entropy and the Foster-Shneyerov indices, it leads us to a novel decomposition
formula for the Gini coefficient. The decomposition of the Gini coefficient is easy
to compute, and it has both a geometric and an arithmetic intuition.

I Introduction

A classic objective in empirical analyses of inequality is to quantify the extent to which
aggregate inequality reflects inequality within subgroups versus differences between sub-

groups. The Gini coefficient is the most popular measure of inequality, yet it lacks a
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universally accepted decomposition formulaﬂ Existing approaches to decompose the
Gini coefficient produce within-group or between-group inequality terms that behave
counter-intuitively. Further, these approaches often rely on introducing a third term
that describes neither within-group nor between-group inequality. The lack of a satis-
factory subgroup decomposition formula is arguably the most significant drawback of
the Gini coefficient, which is otherwise valued for its intuitive arithmetic definition and
geometric relation to the Lorenz curve.

This paper proposes a novel decomposition of the Gini coefficient into the sum of
a within-group and a between-group inequality term. Our decomposition for the Gini
coefficient follows from intuitive axioms that also imply the decomposition formulas for
the generalized entropy indices (Shorrocks, |1980) and the Foster-Shneyerov indices
ter and Shneyerov, 2000)). Within-group inequality is proportional to a weighted power

mean of subgroup Gini coefficients, and between-group inequality can be computed as
a residual. The decomposition is easy to implement, and it has both a geometric and
an arithmetic interpretation. The decomposition formula is stated in Theorem [2

Whether an inequality measure admits a satisfactory decomposition depends on

the definition of decomposability. In a series of seminal papers, Bourguignon| (1979),
Shorrocks (1980}, [1984)), (Cowell (1980), and (Cowell and Kugal (1981)) define decompos-

ability in terms of a strict aggregativity requirement. An inequality index is decom-

posable if aggregate inequality is a function of subgroup inequality indices, average
incomes, and population shares. The main result from this literature is that any in-
equality measure which satisfies this aggregativity requirement is ordinally equivalent
to a generalized entropy index. These indices include the Theil index, the mean log

deviation, and half the squared coefficient of variation, but not the Gini coefficient.

Foster and Shneyerov| (2000) explore a different decomposition property that they

call path independence. They define within-group inequality and between-group in-

equality in terms of representative incomes. Within-group inequality is the level of

!The Gini coefficient is also one of the earliest measures of inequality. It was introduced by Corrado
Gini in 1914 and constitutes an algebraic equivalent of the geometric measure of inequality devised by
Max Otto Lorenz in 1905. Suggested decompositions for the Gini coefficient can be found in [Soltow
1960)), Bhattacharya and Mahalanobis| (1967)), Rao| (1969)), Mehran| (1975)), [Piesch| (1975), Mangahas
1975)), [Paglin| (1975)), [Pyatt| (1976)), [Murray| (1979)), [Dagum| (1980)), Nygard and Sandstrom| (1981)),
[Kakwani| (1984]), |Silber] (1989), [Yitzhaki and Lerman| (1991, [Lambert and Aronson| (1993), [Yitzhaki

1994), Dagum| (1997)), |Aaberge| (2000), [Frosini| (1989 1990 [2003), |Aaberge et al| (2005)), Lambert and
Decoster! (2005), |[Deutsch and Silber (2007), Monti (2007), |Costal (2008)), Okamoto, (2009), Shorrocks
(2013), Mussard and Mornet| (2019)), and |Attili (2021). See |Giorgi (2011) for a history of different
suggestions to decompose the Gini coefficient. The most influential decomposition of the Gini coefficient
is due to |Bhattacharya and Mahalanobis| (1967).




inequality when all subgroup distributions are re-scaled to have a common represen-
tative income level. Between-group inequality is the level of inequality when each
individual’s income is replaced with their subgroup’s representative income. Based on
a general notion of representative income functions, they derive a family of inequality
indices that is uniquely determined (up to a scalar multiple) by this path independence
property. This family includes the mean log deviation and the variance of logs, but not
the Gini coefficient A

In this paper, we propose a definition of decomposability that does not require
aggregativity (violated by the Foster-Shneyerov) or path independence (violated by the
generalized entropy indices). Instead, our approach is to impose restrictions on the
behavior of within-group and between-group inequality. We call an inequality index
decomposable if we can write it as the sum of two terms where one term satisfies the
axioms for within-group inequality, and the other term satisfies the axioms for between-
group inequality. We show that our axioms uniquely determine the decomposition
formulas for the generalized entropy and the Foster-Shneyerov families. Moreover, we
show that the Gini coefficient is decomposable under our framework, and we derive its
unique decomposition formula.

Within-group inequality summarizes how inequality within subgroups contributes to
aggregate inequality. An important result in this paper concerns the possible functional
form that within-group inequality can take. We show that imposing intuitive restric-
tions on the behavior of the within-group inequality term implies that it must take the
form of a quasi-arithmetic mean of subgroup inequalities with a Cobb-Douglas weight
function in the subgroups’ population and income shares. This result follows from ax-
ioms similar to those used in the characterization of means and aggregation functions ]
Our result can be viewed as a characterization of quasi-arithmetic aggregation functions
that allow for two-dimensional weights and satisfy weak reflexivity.

Between-group inequality summarizes how differences between subgroup income dis-
tributions contribute to aggregate inequality. In our framework, between-group inequal-
ity inherits the aggregativity properties of the inequality measure. For given subgroup
inequality levels and population shares, generalized entropy indices depend on differ-
ences in average incomes between subgroups. Therefore, the between-group inequality

term for the generalized entropy measures depends only on differences in average in-

2Note that the variance of logs is not, strictly speaking, an inequality measure as it violates the
Pigou-Dalton principle, see [Foster and Ok (1999).

3For summaries of these literatures, see the introductions in [Matkowski and Péles| (2015)) and [Burai
et al.| (2021)), and |Grabisch et al.| (2011]).



comes. Foster-Shneyerov indices depend on differences in power means, and between-
group inequality is likewise a function of differences in power means. We show that the
Gini coefficient generally depends on each subgroup’s entire income distribution. Con-
sequently, between-group inequality in the Gini decomposition depends on differences
between subgroups in all moments of the income distribution.

We use the Gini decomposition to analyze the evolution of within-group and between-
group inequality over the past fifty years. We find that observed characteristics like the
age, gender, education, and race of household heads explain a lower share of household
inequality today than in the past. We also find that the convergence of male and female
income distributions has significantly reduced individual-level income inequality. The
decrease in inequality is mostly driven by the convergence in average income between
men and women while differences in the shape of the income distributions continue to
contribute to overall inequality.

Throughout this paper, we make use of the fact that the Lorenz curve of an aggregate
population can be related to the Lorenz curves of the subgroups via the geometric oper-
ation of Minkowski addition. This geometric representation of the aggregation problem
unlocks the Brunn-Minkowski theorem, a powerful theorem from convex geometry. We
use these insights to discuss the extent of the subgroup inconsistency problem of the
Gini coefficient ] The Brunn-Minkowski theorem is also at the core of the arithmetic
and geometric interpretation of the decomposition of the Gini coefficient.

The rest of the paper is structured as follows. Section [[I}introduces the notation and
defines the inequality indices discussed in this paper. In section [[II} we introduce the
axiomatic framework for subgroup decomposition of inequality indices. In section[[V] we
derive the decompositions of the generalized entropy and the Foster-Shneyerov indices
from our axioms and show that a decomposition for Atkinson indices that satisfies the
same list of axioms does not exist. In section [V], we discuss the aggregativity properties
of the Gini coefficient, derive the unique decomposition of the Gini coefficient, and
discuss its interpretation. We apply this decomposition to the US income distribution

in section [VI} Section [VII] concludes. All proofs are presented in appendix [A]

4The subgroup inconsistency problem has been discussed by Mookherjee and Shorrocks| (1982),
Cowell| (1988), and |Sen and Foster| (1997).



II Notation and Definitions

We use Y to denote the income distribution of the population and Y; to denote the
income distribution of subgroup i. Subgroup ¢’s population size and aggregate income
are denoted by n; and ¥;, respectively, and population and income shares are denoted
by m; and 6;, respectively.

Throughout this paper, we consider continuous income distributions. Let D denote
the space of probability distributions supported on the positive real line. An inequal-
ity index I: D — R, is a function that maps D to the non-negative real numbers
and satisfies the five standard axioms of anonymity, scale independence, population
independence, normalization, and the Pigou-Dalton principle of transfers.

In this paper, we discuss four different classes of inequality indices. Generalized

entropy indices are a one-parameter family of inequality indices defined as

ﬁff(?ﬁ((%)“ - 1>dy for a # 0,1
CEa(Y) = [ f(y)Inbdy for . =0
ff(y)%ln%dy fora=1

where Y is the aggregate income distribution, f its probability density function, and p
is the aggregate mean income. Another well known family of decomposable inequality
indices is the Foster-Shneyerov familyE] introduced by [Foster and Shneyerov| (2000) and
defined as

Ly ) for 0
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where 1,(Y) = ([ y?f(y)dy)? is the power mean of order g of Y and g(Y) = e/ Inv/()dv

is the geometric mean of Y. The Gini coefficient is defined as

GY)= 2/0 p— L(p)dp,

where L is the Lorenz curve defined as
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5Note that only Foster-Shneyerov indices with parameter values ¢ > 1 are strict inequality indices.
For other parameter values, the Pigou-Dalton transfer principle is violated.

L(p)
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Finally, the family of Atkinson indices (Atkinson, |1970) is defined as

. les(Y>

A¥) =1 u(Y')

for e <1

where 1 _.(Y') is the power mean of order 1 —¢ of Y and (YY) := g(Y') is the geometric

mean of Y.

III Axiomatic Framework

We define a subgroup decomposition of an inequality index I as the sum of a within-
group inequality term W and a between-group inequality term B that add up to aggre-
gate inequality. We propose a list of axioms that must be satisfied by any within-group
or between-group inequality term. We call an inequality measure decomposable if it

admits a decomposition that satisfies these axioms.

II1.1 Within-group Inequality

Let I denote an inequality index. We require that within-group inequality depends only
on subgroup inequality levels and aggregate characteristics, that is, total population
and total income. Let Wj: R3* — R, denote within-group inequality for a population
consisting of k subgroups. Finally, let I;, n;, y; denote subgroup #’s level of inequality,

total population, and total income. We posit the following axioms:
1. Regularity. W, is continuous, and strictly increasing in each [; if n;, y; > 0.

2. SymmetrY' Wk(<117 n17g1)7 SRR (Ika M, gk)) = Wk <P<(Ilu n17§1)7 SRR (Iku nk?@k)))
for any permutation P and for all (1;,n;, 7;)%, € R3".

3. Scale and population independence.

Wk((lla ni, gl)a SRR (Ika nkagk)) = Wk((]h anay, bgl)7 sy (-[k7 ang, bgk))
for all a,b > 0 and for all (1;,n;, 7;)%_, € R3".
4. Normalization. Wy ((0,n1,%1),..., (0,1, 7)) = 0 for all (n;, ;)E, € R%.

5. Weak reflexivity. Wi ((I,ain,m19),..., (I, apn,axy)) = I for all (I,n, )k, €
R3* and for all (a;)¥ , € R:.



6. Replacement.

Wi ((I1,na, 1) - - (L e, Gie) )
= Wi-mn1 ((f, S iy >y Ui)s (It Manests Y1) - - - > (L 1, Z?k))

for all (I;,n;, 3;)F_, € Ri’“ and for all m < k, where [ = Wm(([l,nl,gjl), ooy (L, M, gjm))

Symmetry ensures that within-group inequality is independent of the labels given to
each subgroup and is sometimes also called anonymity. Scale and population indepen-
dence ensures that the decomposition is independent of the size of the population and
the unit of measurement for income. Normalization ensures that within-group inequal-
ity is zero when there is no inequality within any subgroup. Weak reflexivity ensures
that within-group inequality equals aggregate inequality when the population consists
of only one group, and that within-group inequality does not change if that group is
subdivided into subgroups with identical income distributions. Finally, replacement
ensures that the level of within-group inequality does not change if we merge any num-
ber of subgroups into one composite subgroup and redistribute incomes in that group
so that the level of inequality equals the level of within-group inequality among its
constituent subgroups.

A first important result in this paper is that the six axioms stated above imply
strong restrictions on the functional form that within-group inequality can have. This

result is stated in theorem [1l

Theorem 1. Let (W;)2, be a sequence of functions Wy: R — Ry. Then, (W)

satisfies axioms 1-6 if and only if

k
Wil(Im, 30), - (B ) = £ (3o wlme00 £(1) (1)

i=1
for all k > 1 and for all (I;,n;,4;)%, € R3*, for some continuous strictly increasing
function f such that f(0) =0 and for some o € R, where m; = an—n and 6; = Z'Ei =

Theorem T holds that within-group inequality must take the form of a quasi-arithmetic
mean of subgroup inequalities with weights that do not necessarily sum up to one. More-
over, the weight function must be a Cobb-Douglas function in the subgroups’ population
and income shares. The proof proceeds by showing that the axioms imply that for given
aggregate characteristics Wy, satisfies bisymmetry. Bisymmetry has been used by |Aczél

(1948) and Minnich et al. (2000) to characterize quasi-arithmetic means. The rest of
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the proof shows that the generating function f and the weight function do not depend
on either the number of subgroups or their aggregate characteristics. The full proof can
be found in appendix [A]

The functional form in theorem [1| nests the expressions for within-group inequality
in the standard decomposition formulas for the generalized entropy (Bourguignon, 1979;
Shorrocks, [1980; Cowell, [1980)) and the Foster-Shneyerov indices (Foster and Shneyerov,
2000), but is more general than the functional form assumed in these papers. Interest-
ingly, however, the literature has also suggested expressions for within-group inequality
that are ruled out by this theorem. For example, Shorrocks| (2013) proposes an algo-
rithm that results in a within-group inequality terms that generally does not have the
form of a quasi-arithmetic mean. Moreover, the most common decomposition formula
for the Gini coefficient due to Bhattacharya and Mahalanobis| (1967)) also violates the-
orem [} In particular, it violates weak reflexivity as within-group inequality does not

equal aggregate inequality even if all subgroups are identical.

II1.2 Between-group Inequality

Between-group inequality results from differences in income distributions across sub-
groups. What differences in subgroup income distributions give rise to between-group
inequality depends on the choice of inequality index and its aggregativity propertiesﬂ
Axioms for between-group inequality of a given inequality index are therefore stated
in terms of its aggregativity properties. For this purpose, we define the concept of

(2-aggregativity.

Definition 1. An inequality measure I: D — R, is Q-aggregative if there exists a
function F: RE x RT* x R — R, such that

I(Y) :F(I(Yl),...,](Yk),Ql,...,Qk;nl,...,nk),

where Y; is the income distribution of subgroup i and €2; is the minimal finite set of

moments of subgroup 1’s income distribution such that the above formula holds, and

6Suppose all subgroups have the same mean income and the same level of inequality. Weak reflex-
ivity then implies that within-group inequality must equal the level of inequality within the subgroups.
Depending on the inequality index, however, aggregate inequality can strictly exceed the level of within-
group inequality. For example, Foster-Shneyerov indices for the aggregate population will generally
be larger than the level of inequality in the subgroups. This excess inequality at the aggregate level is
attributed to between-group inequality. On the other hand, aggregate generalized entropy indices do
not produce between-group inequality in this case.



m is the cardinality of Q; for all i. If there does not exist a finite ) such that above

formula holds, then I is Q-nonaggregative.

Generalized entropy indices and Atkinson indices are inequality measures that can
be written as functions of subgroup inequality levels, average incomes, and population
sizes. Hence, these measures are means-aggregative with ©; = {E[Y;]}. The Foster-
Shneyerov index of order ¢ # 0 is aggregative with gth moments, that is ©; = {E[Y}?]}.
In proposition [7]in section [V] we show that the aggregate Gini coefficient can generally
not be computed from subgroup Gini coefficients, population sizes, and any finite num-
ber of subgroup moments. For a given inequality index, it is useful to also introduce

Q2-equivalence, which defines an equivalence relation between distributions.

Definition 2. For a given inequality index, we call two distributions Q-equivalent if
they are identical in all moments contained in ). If Q does not exist, then we call two

distributions Q2-equivalent if they are the same distribution.

We define between-group inequality to be a function of subgroup income distribu-
tions, population sizes, and total incomes, that is, By: (D x R, x Ry)F — R,. We

posit the following axioms:

7. Zero between-group inequality. If all subgroup income distributions are €)-

equivalent, then By, is equal to zero.

8. Conditional distribution independence. For given aggregate characteristics

{n1,. ..,k Y1, ..., Yx}, if there exists a function F: R® — R, such that
[Y)=F(I(V),...,1(Y})),

then By does not depend on the distribution of income within subgroups.

Zero between-group inequality ensures that there is no between-group inequality
when subgroup income distributions are identical in all moments that can affect ag-
gregate inequality conditional on subgroup inequalities. Conditional distribution inde-
pendence ensures that whenever aggregate inequality can be computed from subgroup
inequality levels and aggregate characteristics, between-group inequality only depends
on aggregate characteristics of the subgroups. Since axioms 7 and 8 depend on the ag-
gregativity properties of a given inequality index, they do not imply a general functional
form for between-group inequality. However, as we show below, axioms 1 though 8 are
restrictive enough to uniquely determine the decomposition formulas of the generalized

entropy indices, the Foster-Shneyerov indices, and the Gini coefficient.



IV  Decomposition of the Generalized Entropy, Foster-

Shenyerov, and Atkinson Indices

The axiomatic framework introduced in the previous section leads to the standard
decomposition formulas for the generalized entropy and the Foster-Shneyerov indices.
Moreover, these are the only decomposition formulas for the indices that satisfy all our
axioms. We also show that there does not exist a decomposition for Atkinson indices

that satisfies all axioms.

Proposition 1. For all a € R, the decomposition of generalized entropy index

GEo(Y)=GEY(Y)+GEZ(Y) =) n/ *0?GEu(Y;) + GE4(Y), (2)

=1

where Y is derived from'Y by replacing each individuals income by the relevant subgroup

mean, is the unique decomposition that satisfies axioms 1-8.

Proposition 2. For all ¢ € R, the decomposition of Foster-Shneyerov index
k“ ~
FSy(Y)=FS)(Y)+ FSP(Y) =Y mFS,(Y;) + FSy(Y), (3)
i=1

where Y is derived from'Y by replacing each individuals income by the relevant subgroup

power mean of order q, is the unique decomposition that satisfies axioms 1-8.

The proofs of propositions [I] and [2] are in appendix [A]

We next turn to the Atkinson indices. These indices are means-aggregative and
therefore ordinally equivalent to generalized entropy indices (Shorrocks, 1984). How-
ever, there is no universally accepted way to decompose Atkinson indices into within-
group and between-group inequality that sum to aggregate inequality[} We show that
there cannot exist an additive decomposition of Atkinson indices that satisfies all of

our axioms.

Proposition 3. For any ¢ < 1, the Atkinson index A. cannot be decomposed into a
within-group inequality term and a between-group inequality term that satisfy axioms

1-8 and sum to the aggregate Atkinson indez.

"The most common decomposition of the Atkinson index was derived by Blackorby et al.| (1981)
and consists of a within-group inequality term W and a between-group inequality term B that combine
into the aggregate Atkinson index as A=W + B — WB.
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The proof is in appendix [A]

V  Decomposition of the Gini Coefficient

In this section, we derive a novel decomposition for the Gini coefficient from the ax-
iomatic framework introduced in section [[II| and show that it is unique. We also show
that the decomposition for the Gini coefficient satisfies additional useful properties that
are not imposed as axioms in our framework. Furthermore, we discuss how the decom-
position of the Gini coefficient can be interpreted both arithmetically and geometrically.
To understand the implication of axioms 7 and 8 for the Gini coefficient, we first discuss

the aggregativity properties of the Gini coefficient and show that it is {2-nonaggregative.

V.1 Aggregativity Properties of the Gini Coefficient

It is well known that the Gini coefficient cannot be computed from the subgroup Gini
coefficient, means, and population size (Bourguignon, 1979). With the notion of -
aggregativity, one may hope that there exists a finite set of higher-order moments that
make the Gini (2-aggregative. This turns out not to be the case.

We first show that the Lorenz curve of an aggregate population can be related to the
Lorenz curves of the subgroups via the geometric operation of Minkowski addition. This
geometric representation of the aggregation problem unlocks a powerful theorem from
convex geometry, the Brunn-Minkowski theorem, which we use to show that the Gini
coefficient is 2-nonaggregative. The Brunn-Minkowski theorem is also at the core of
the arithmetic and geometric interpretation of the decomposition of the Gini coefficient.

The Gini coefficient is traditionally defined as twice the area between the Lorenz
curve and the line of perfect equality. For our purposes, it is useful to consider the region
within the unit square that is bounded by the Lorenz curve and its centrally reflected
counterpart. Let us call this region the Lorenz region. Clearly, the Gini coefficient is
equal to the area of the Lorenz region.

For a given partition of the population into subgroups, we can also define subgroup
Lorenz regions by scaling each subgroup’s Lorenz region with a vector (m;, 6;) where m;

and 6; are subgroup 4’s population and income shares, respectively.

Definition 3. The Lorenz region \; of subgroup i with population share w; and income
share 0; is defined as the region bounded by the scaled Lorenz curve and its centrally

reflected counterpart in a rectangle with side lengths m; and 6;.

11
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Figure 1: Aggregation of subgroup Lorenz regions. In this example, there are two different
levels of income in subgroup 1 and three different levels of income in subgroup 2. In the
aggregate Lorenz curve, individuals from both groups are ordered by their income. Geomet-
rically, this corresponds to arranging the linear segments and the subgroup Lorenz curves in
ascending order by their slopes. The resulting aggregate Lorenz region coincides with the
Minkowski sum of the subgroup Lorenz regions.

Proposition (4] states that the Lorenz region of the aggregate population is the
Minkowski sum of the subgroup Lorenz regions. The Minkowski addition of two sub-

group Lorenz regions in the case of discrete income distributions is illustrated in figure

M

Proposition 4. A population consisting of k > 2 subgroups with Lorenz regions Ay, As, . .

has an aggregate Lorenz region
A=NBAND...P A,

where @& denotes the Minkowski sum of sets.

The proposition is proven as part of theorem 1 in |Zagier| (1983)).

This geometric representation of the aggregation problem provides helpful insight
into a notorious behavior of the Gini coefficient that is sometimes called subgroup in-
consistency: an increase in subgroup inequality, while keeping subgroup means and
population sizes constant, can lead to a decrease in aggregate inequality. Different ex-
amples of specific distributions and transfers that produce this behavior are given in
the literature (see, for example, Mookherjee and Shorrocks| (1982) or (Cowell| (1988)).

However, the conditions for the emergence of this behavior have not been stated ex-
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plicitly.

Proposition [5] states that the Gini coefficient satisfies a weak subgroup consistency
property. That is, any transfers within subgroups that increase subgroup inequalities
according to the Lorenz criterion must increase the aggregate Gini coefficient. Equiv-
alently, if transfers within subgroups reduce the aggregate Gini coefficient, it must be
the case that there exists at least one subgroup whose new Lorenz curve intersects with
the old Lorenz curve. The proof of proposition [5| makes use of the fact that outward
shifts of the subgroup Lorenz curves must result in an outward shift of the population

Lorenz curve.

Proposition 5 (Weak subgroup consistency of the Gini coefficient). Implementing
transfers within one or more subgroups that increase the level of subgroup inequality

according to the Lorenz criterion must also increase the aggregate Gini coefficient.

Another useful implication of representing the aggregate Gini coefficient as the area
of the Minkowski sum of subgroup Lorenz regions is that we can make use of an im-
portant inequality relating the areas of compact sets: the Brunn-Minkowski theorem.
Applied to the case of subgroup Lorenz regions, the Brunn-Minkowski theorem provides
a lower bound for the aggregate Gini coefficient in terms of subgroup Gini coefficients

and aggregate characteristics.

Proposition 6 (Brunn-Minkowski theorem). For a population with income distri-
bution Y and Lorenz object A consisting of k subgroups with income distributions
Y1,Ys, ..., Y, Lorenz regions A1, Ao, ..., Ay, population shares my,mo, ..., 7, and in-

come shares 01,0,, ... ,0y, we have

k k

a0 = 1A= (S VM) = (X Vmbam)

i=1 i=1

where | - | is the Lebesque measure. The inequality holds as equality holds if and only if
A1, As, ..., Ay are homothetic.

The subgroup Lorenz regions are homothetic if and only if the distribution of income
is identical across subgroups. We use this property to show that the Gini coefficient is

(2-nonaggregative.

Proposition 7. The Gini coefficient is Q2-nonaggregative. That is, there does not exist a
finite Q, such that G(Y1,Ya, ..., Yiing, ... ,ng) = F(G(Yl), o G(YR), Q1o Qs .

13
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V.2 Subgroup Decomposition of the Gini Coefficient

We show that there exists a unique decomposition of the Gini coefficient into a within-
group and a between-group term that satisfies all the axioms introduced in section [[TI}
In this decomposition, within-group inequality is given by the Brunn-Minkowski lower

bound for given areas of the subgroup Lorenz regions.

Theorem 2. A decomposition for the Gini coefficient satisfies axioms 1-8 if and only
if the within-group inequality term is
k 2
6" ()= (3 Vaem ) (@)
i=1
where m; and 0; are the population and income share of subgroup v, respectively. Between-
group inequality is the difference between the aggregate Gini coefficient and within-group

imequality.

Within-group inequality in (4)) is a weighted power-mean of subgroup inequalities
where each subgroup is weighted by the geometric mean of their income and population
share. This decomposition of the Gini coefficient is the only decomposition that satisfies
all our axioms on the behavior of within-group and between-group inequality.

The decomposition of the Gini coefficient has a number of additional desirable prop-
erties that are not imposed as axioms. First, within-group inequality is homogeneousﬂ
Any redistribution of incomes within subgroups that reduces subgroup Gini coefficients
by some common factor will also reduce within-group inequality by the same factor.
Note, however, that as a power mean the within-group inequality term is not linear in
the subgroup Gini coefficients.

The between-group inequality term for the Gini coefficient should summarize the
contribution to aggregate inequality stemming from all differences across subgroup in-
come distributions. It is therefore desirable that for any given distribution of income,
between group inequality decreases if subgroup distributions become more similar. This
is indeed the case. Randomly permuting the group affiliation of a sample of individuals
results in subgroup distributions that are more similar to each othei’} Proposition

states that this operation reduces between group inequality.

8Homogeneity is in fact the only additional property that power means have over quasi-arithmetic
means implied by theorem

9Equivalently, you may consider replacing the incomes of a fixed fraction of randomly sampled
individuals in each group with a random draw from the aggregate income distribution. Equivalency
between these two operations is a direct consequence of the anonymity property of inequality indices.
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Proposition 8. In an infinite population, randomly permuting the group affiliations for
a random subset of individuals weakly reduces between-group inequality (while keeping
the aggregate Gini coefficient constant). Between-group inequality remains constant if

and only if all groups have the same distribution of income.

We can also consider operations that should reduce both within-group inequality and
between-group inequality. For example, redistributing incomes so that the difference
between any given income and the average income is reduced by a fixed percentage
clearly reduces aggregate inequality. Moreover, as such a redistribution at the same
time compresses subgroup income distributions and brings them closer to each other,
one may expect it to also decrease within-group and between-group inequality by similar
proportions. Proposition |§| shows that this is indeed the casdﬂ. This property implies
that a universal basic income financed by a flat tax which ignores group affiliations

would not affect the share of aggregate inequality that is attributed to group differences.

Proposition 9. Let y(i) denote the income of quantile i, and let p denote the average
income in the population. For some o € [0,100], replacing every income y(i) by §(i) =
y(i) — 155 (w(i) — i) reduces within-group inequality and between-group inequality for the

Gini coefficient by o percent.

It is often of interest to know by how much inequality would be reduced if all
subgroups had the same average level of income. For many inequality indices, such
as the Theil index, this question is not easily answered. As was pointed out already
by [Shorrocks (1980), there is no obvious operation that would eliminate differences in
average incomes between subgroups while keeping within-group inequality for any given
generalized entropy index fixed™] Proposition [L0] shows that the decomposition of the
Gini coefficient admits an operation that eliminates differences between subgroups in
average incomes while keeping within-group inequality fixed. This property can be used
to further decompose between-group inequality into a first part that reflects differences
in means and a second part that reflects differences in the shape of the distribution.

We implement such an exercise in the final section of this paper.

Proposition 10. Lump-sum transfers between subgroups can only affect between-group

iequality, but not within-group inequality for the Gini coefficient.

ONote that generalized entropy indices lack this property.

' The only exception is the mean log deviation, which belongs to both the generalized entropy and
the Foster-Shneyerov families, and has the property that scaling the incomes in each subgroup by a
common factor so that subgroup means are equalized leaves within-group inequalities fixed. In fact,
all Foster-Shneyerov indices have this property by design.
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Finally, we note that scaling or translating all incomes does not affect the share
of aggregate inequality that is attributed to within-group or between-group inequality
in the Gini decomposition. While the scale independence of the decomposition follows
directly from the scale independence of the Gini coefficient and therefore applies to the
decomposition of all scale-independent inequality indices, translation independence is
a feature of only the Gini decomposition. This property is convenient, for example, if
one is interested in decomposing inequality of income above the subsistence level, but

lacks a good estimate of the level of subsistence expenses.

Proposition 11. The Gini decomposition is both scale and translation invariant. Specif-
ically, changing incomes at each quantile i from y(i) to §(i) = ay(i) + b does not affect
the relative magnitude of within-group and between-group inequality for any a > 0 and

b € R such that all subgroups have positive average income.

V.3 Interpretation of the Gini Decomposition

Just like the Gini coefficient can be interpreted geometrically and arithmetically, the
decomposition of the Gini coefficient has both a geometric and an arithmetic interpre-
tation. Both interpretations view within-group inequality as the solution to a mini-
mization problem.

The geometric interpretation views within-group inequality as the minimal area of
the population Lorenz region for given areas of the subgroup Lorenz regions. The
population Lorenz region is the Minkowski sum of the subgroup Lorenz regions and
its area therefore depends on how similar the shapes of the subgroup Lorenz regions
are. The constraint minimum is achieved when the subgroup income distributions are
all identical so that the subgroup Lorenz regions are homothetic. As a consequence,
between-group inequality measures the excess area in the population Lorenz region
resulting from non-homotheticity of the subgroup Lorenz regions. In other words,
between-group inequality measures how differences in subgroup distributions contribute
to aggregate inequality{?].

Within-group inequality is also the solution to an arithmetic minimization problem.
For illustration, we consider a finite population. The Gini coefficient can then be defined
as the sum of absolute income differences between all possible pairs of individuals in

a population P, normalized by twice the product of the average income and the total

2In convex geometry, the square root of the excess area of the Minkowski sum over the Brunn-
Minkowski lower bound is sometimes called the Brunn-Minkowski deficit, which has been shown to
relate to the relative asymmetry of the added sets, see for example [Figalli et al.| (2009).

16



number of such pairs:
Zaz,yEP |CL’ - y| (5)
21 N?

What is the minimal sum of absolute differences in the population for given sums

G:

of absolute difference in the subgroups? Proposition states the solution to this
minimization problem and relates it to the within-group inequality term in our Gini
decomposition. Specifically, within-group inequality in the Gini decomposition is the
minimal sum of absolute differences in the population for given total absolute differences
in each subgroup, normalized by twice the product of the average income and the total
number of possible pairs in the population. The proof of the proposition re-states
the arithmetic minimization problem in geometric form and relates it to the Brunn-

Minkowski inequality.

Proposition 12. Let S,, be a collection of real numbers for each m € {1,..., M}.

Then, the following inequality holds:

> |w—y|2<§: le—y|>2- (6)

M m=1 T,YESm
T,Y€ U Sm
m=1

Equality holds if and only if the distribution of numbers in each collection S,, is identical.
Moreover, we have

w 1 = ;
G :W Z Z lz—yl ],

m=1 T,yESm

where | and N are the mean and the cardinality of the union of collections S,,.

The arithmetic interpretation of the Gini decomposition allows for an insightful
comparison between our decomposition formula and previous formulas suggested in
the literature. The formula in [Bhattacharya and Mahalanobis (1967), for example,
defines within-group inequality as the sum of absolute differences between all pairs
of observations from the same group. This definition of within-group inequality has
the undesirable property that within-group inequality is always smaller than aggregate
inequality, even if all subgroups are identical. Our decomposition also defines within-
group inequality as a function of the sum of absolute differences between all pairs of
observations from the same group. Unlike the formula in [Bhattacharya and Maha-
lanobis (1967), however, it takes into account that the sum of absolute differences in

the subgroups imply a lower bound for the sum of absolute differences in the population.
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Figure 2: Household-level income inequality within and between demographic subgroups.
Households are grouped by the age (< 35, 3645, 46-55, 56-65,> 65), education (no college,
some college, Bachelor’s degree, more than Bachelor’s degree), sex (male, female), and race
(Black, White, other) of the household head.

V1 Empirical Application

We use the decomposition for the Gini coefficient to answer two questions. To what
extent does household income inequality in the US population reflect inequality within
“similar” households versus differences between demographic subgroups? And how
do differences in male versus female income distributions contribute to overall income
inequality in the United States?

It is well known that income inequality in the United States has increased substan-
tially since the early 1980s. Some of this increase may be driven by globalization or
skill-biased technical change that affects the relative demand for high-skilled and low-
skilled labor. Interestingly, however, it has been shown that inequality is also increasing
within narrowly defined demographic groupsE[ It is then natural to ask what share

of the aggregate inequality can be accounted for by demographic characteristics and

13Tn an influential paper, |Juhn et al| (1993) document rising wage inequality among men who are
otherwise similar in terms of education and labor market experience. Since then, a large literature in
labor economics devoted to explaining the rise in “residual inequality” has emerged.
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Figure 3: Individual-level income inequality within and between sexes. The shaded region
shows between-group inequality when sex differences in average income are removed by im-
plementing suitable lump-sump transfers.

whether that has changed over time. The results from section [V] allow us to study this
question using the Gini coefficient as our measure of inequalityEl

We use data on household-level income in the United States from the Current Pop-
ulation Surveys (CPS). To define demographic subgroups, we group households by the
age, education, sex, and race of the household head. Figure [2| shows the evolution of
within-group and between-group inequality over the time period 1968-2020. Over this
time period, the aggregate Gini coefficient increases from 0.38 to 0.48. The rise in ag-
gregate inequality is entirely driven by a rise in within-group inequality, which increases
from 0.29 to 0.40. Between-group inequality, on the other hand, decreases slightly from
0.09 to 0.08. As a consequence, the share of aggregate inequality that can be attributed
to demographic characteristics decreases from 23 to 16 percent.

Among the most fundamental transformations of the distribution of income are the
rise of female labor force participation and the convergence of male and female income
distributions over time. Using the CPS data on individual-level incomes and grouping

individuals by sex, figure |3| show the evolution of within-group and between-group

14|Cowe11 and Jenkinsl (]1995[) study this question using different Atkinson indices.
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inequality since 1968. We document a strong decline in the share of the aggregate
Gini coefficient that can be attributed to differences between the income distributions
of men and women (from 21% in 1968 to 3% in 2020). Making use of the fact that
lump-sum transfers between subgroups do not affect within-group inequality, we can
isolate the part of between-group inequality that remains after differences in average
income between men and women are removed. While differences in average incomes
contributed significantly to the level of aggregate inequality early in the sample period,
we find that removing differences in average incomes via lump-sum transfers hardly
reduces the Gini coefficient in recent yearﬂ Nevertheless, differences between men
and women in other moments of the income distribution still explain about 2.5% of

overall inequality as measured by the Gini coefficient.

VII Conclusion

In this paper, we suggest an axiomatic framework to derive subgroup decomposition
formulas for different measure of inequality. We find that the Gini coefficient, the
generalized entropy indices, and the Foster-Shneyerov indices all admit satisfactory
decomposition formulas derived from a common set of axioms. The implied decompo-
sition of the Gini coefficient is novel, easy to compute, and has both a geometric and

an arithmetic interpretation.

15This finding does not mean that the average incomes of men and women have almost converged.
In fact, average income for women in 2019 remains at only 63% of that of men.
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Appendix

A Proofs

A.1 Proof of Theorem [

It is easy to verify that satisfies axioms 1-6. The remainder of the proof shows that
if (W},) satisfies axioms 1-6, then (/1)) holds.
. . . — k k.
We first show that for given & > 2 and aggregate characteristics (n;, 3;)%, € R,

W, must have a weaker functional form.

Lemma 3. Suppose (W}) satisfies azioms 1-6. Then, for given k > 2 and (n;, 3;)%_, €
Ri";, there exist a continuous increasing function f: Ry — Ry such that f(0) =0 and
a; >0 foralli=1,... k, such that

k
Wk((lhnl,@l)a ce (Ikankagk)) = f_1<zaif(]i)) (7)
i=1
foralli=1,....k and for all (I,)¥_, € R.

Proof. Suppose k > 2 and (n;, %)%, € R2 are given and define B: RY — R, as
B(zq,...,x5) = Wk((xl,nl,yl), ce (mk,nk,yk)). Now, B satisfies the bisymmetry

equation
B(B((L’H, c. ,{Elk), c. ,B(CL’M, C ,Jikk)) = B(B(ZEH, C ,l’kl), N B(l‘lk, c ;Ikk>>

for all (z;)F

population independence:

ij=1 € Rk ¥ To show this, we use replacement, symmetry, and scale and

B(B(LEH, R ,Qllk), ce ,B(xkl, Ce ,.’L‘kk))
:Wk((Wk((xlb ni, gl)? R (xlka ng, gk))7 ni, gl)v ceey (Wk((‘rkla ny, gl)a sy (Iklw Nk, gk))? Nk, gk))

=Wi(Wi((11, Ekill -, Ez_?l _,??1), s (g, z/_:il -~k Zkgl __ﬂk)), ni, 1),
7(Wk(<xk17 E

=Wie((zn, grm, Ef_ T @ ST S .

ni, S 1glyl) o (@, Zk o ks Ek - yk))ynkagk))

i=1"4

7('xk1’2kk nl’z 17 Zy ) 7('xkk7zgknnkﬁzgk *yk)

=W ((211, Z’i -, Z - y1) - (T, ST i S Z - 91)
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(xlk’ 27, 11 znk, Z - yk?) (‘Tkk'? Z'L kl Z”k? Z o yk’)

i=1Yi i=1Yi

=W (Wi ((211, Zi“: -, Z — U1 )y ey (Th1, S ’“1 S, Z — 1), M1, Y1),

i=1Yi i=1Yi

R Wk((xllw E , ana Z . yk) (Ikkh Zkf nk7 Z — yk) nk?ﬂk)

i=1Yi

=Wi((We((x11,m1, 91, - - - (X1, Mgy Ti), 115 U1 ) s
S WE((T1k, 1, Y1) - o (Thies My Uk )s Mok Uk

:B(B(IH, ce 7$k1); ce 7B<I1k, e ,I‘kk))

Thus, B is a continuous function that is strictly increasing in each of its arguments, sym-
metric, and satisfies bisymmetry. Following |Aczél| (1948)), we show that we can use B
to construct a function M: R’f; — R, that has the same aforementioned properties as B
but is also reflexive. Define F'(z2) = B(z,...,z) and F*(z) .= B(B(z,...,2),...,B(2,...,2))
for all z € R,. Now, F: R, — R, and F?: R, — R, are continuous and strictly
increasing functions. Thus, F~!': R, — R, exists and is also continuous and strictly
increasing. Define M (xy, ..., x3) = F~1(B(xy,...,x;)). It follows that M is continuous

and strictly monotonic in each x;. Since

for any = € Ry, we see that M is reflexive. To show bisymmetry, let (z;;);,_, € RY*
and define

Z1 = M(i[)ll, c. ,.Z'lk), i.e., B(Jfll, c. ,xlk) = B(Zl, c ,Zl)
51 = M(I‘ll, Ce ,xkl), i.e., B(xlh . ,xkl) = B(Zl, Ce ,21)
2 = M(Ikl, . ,.Z‘kk), i.e., B(.Tkl, ce ,«Tkk) = B(Zk, .. .,Zk)
21 = M(C(]lk, . ,l’kk), i.e., B(l’lk, . ;xkk) = B(Ek, ce ,Ek)

and

M(z,...,2k), i€, B(z1,...,2x) = B(z,...,2)
zZ=M(z,...,2), ie.,, B(Z1,...,2x) = B(Z,...,2).
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By the bisymmetry of B, we get

F?(2) =

S @

21,...,zk),...,B(zl,...,zk))
zl,...,zl),...,B(zk,...,zk))

...,xlk),...,B(xkl,...,xkk))

S~/

e N N N e e e
8
—
—

T11y - - ,[Ekl), c. ,B(l’lk, . ,J]kk))

Sy

D D W
Sy

and hence, we get z = Z which is equivalent to
M(M(acn,...,xlk),...,M(xkl,...,xkk)) :M(M(LL'H,...,l’kl),...,M(l‘lk,...,l'kk)).

Thus, M satisfies bisymmetry. We have shown that M satisfies the conditions of The-

orem 2 in Minnich et al.| (2000), which gives us

Mo, a) = f) (gbif(m),

for some continuous increasing function f: R, — R, such that f(0) = 0 and for
some b; > 0 such that Zle b; = 1. Thus, B(zy,...,z) = F(ffl(z:le blf(lz))) =
U Zle bif(1;)), where ¢ := Fo f~! is a strictly monotonic function. Using bisymmetry

of B, we have
B(B(x1,...,2k), -, B(xy,...,xx)) = B(B(x1,...,21), -, (Tpy - ., )

for all (z;)F_, € R%, and thus,

w(f ow(gbifm))) - w(gw ow(f<:ci>))
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for all (z;)F_; € R%. Let ¢ := f o, and z; = f(x;) for all 4. Then, we have

) < zi bizi) = Zil big(zi)

for all (z;)F, € R%. This is Jensen’s equation which has the unique solution ¢(z) =
ax + b for some a # 0 and b € R. Thus,

k

f(B($1, . 7931:)) = ¢(Zbif(xi)) = Zaif(ﬂfi) + b,

i=1 =1

where a; = ab;, and hence

B(l‘l, . ,iL’k) = fil (Zazf(xl) + b) .

Now, since f(0) = 0, we have by the zero inequality axiom,

which implies b = 0. Thus, we get

Wi (Li,na, 1), - - -y (T e, U)) = f1<Zaif(Ii))

for given (n;,y;) € R%, and for all (I;)F, € R. O

In lemma 3| the constants a; and the generating function f can depend on k and
(ni, Ji)%_,. Tt follows from the symmetry of W} that (a;) and f are invariant under any
permutation of (1;, n;, y;).

Note that f and c¢f generate the same W, for any constant ¢ > 0. Thus, if g(x) =
cf(z) for all z, we call f and g the same generating function. We next show that
the generating function is independent of k and (n;, %;)F_,. First, we show that the
generating function does not change if we add an arbitrary subgroup to the existing

population.

Lemma 4. Suppose (W), satisfies azioms 1-6. Let k > 2. Then, Wi, ((I1,n1, 1), - - ., (Is, 7o, i) )
and Wk+1((11, 1, Y1), -y (L, nk+1,§k+1)) have the same generating function for all
(Il n; ’gz)kjll - sz_(k—‘rl).

29



Proof. By replacement, we have

Wir (I, 00, 91), -5 (Tt e, Gesn))
k k

=Wy ((Wk(<II> n1, 1) -5 Ty Ty i) Z i, Z@) s (Thg1, M §k+1))

i=1 =1

for all (I;, n;, )"+ € R%. Suppose (n;, 7:)k_, € RZ¥Y are given. Using lemma , we
get
k41 k
! (Z @z’f([z')) =g <519 (hl ( Z Cih<[i)>> + bzg([k+1)>
i=1 i=1
or

k+1

; a;f(l;)=fog™ (blg oh™? < Z cih ) n 629([k+1)>

for all (I;,n;, gji)fill € Ri(kﬂ), where f, g, h are continuous and strictly increasing func-
tions and a;, b;, ¢; are some constants for all i« = 1,...,k + 1. Set z; = f(I;) for all

t=1,...,k+ 1. Then we have

k+1

Zaﬂ?z =fog! (blgoh1<zclho ) +bago fT ($k+1))- (8)

1 1

Since fog™" and go f~ are differentiable almost everywhere, we get

(fog <blg oh” (Z ciho f > + bag o fl(ﬂﬂkﬂ)) ba(go f71) (Th1) = arn

for almost every (z;)%, € RE. Now, either (f o g™) and (go f™') are constants
almost everywhere, or byg o h*1(2f21 cih o f7H(x;)) + bag o fH@ps1) = P(appa) for
some function ¢. Because

k
bigoh™ ( Y cho f_l(fffz')> +bag0 [ (@) = bigWi((Li, 0, 1), -y (T s Gi))),

=1

where the right-hand side is strictly increasing in each I; and thus the left-hand side is

strictly increasing in each x;, the latter cannot be true. Thus, we get

(fogY(z)=c ae.
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< fogl(z)= / cdt =cz a.e.
0

< g z) = fcx) ae.

— f(z) = cg(x) a.e.

for some constant ¢ > 0. Since f and g are continuous functions, we get f(x) = cg(x)
for all z € R,. Plugging this result into and differentiating with respect to x; for

some i = 2,...,k, we get

k

7oy Sao @) atho Y (@) = a

=1

almost everywhere. Again, we get that either (f o h™!) and (h o f~1)" are constants
almost everywhere, or by(f o h_l)’(Zle cih o f7H(z;)) = ¢(x;) for some function ¢.

Since

bi(f o h><2 cih o fl(:cz-)) = b0 f (Wel(Tyma, ), (T i ) ).

where the right-hand side is strictly increasing in each I; and thus the left-hand side is
strictly increasing in each z;, the latter cannot be true. Hence, we get that (f o h™1)

is constant almost everywhere which implies f(z) = ch(x) for all x € R;. There-

fore, Wn(<]17 ni, g1)7 SR (Ika N, gk)) and Wk+1((‘[17 ny, gl)v SRR (‘[k-i-l’ T+1, gk-f—l)) have
the same generating function for all & > 2 and for all (I;, n;, 7;)}.

[]

Now, it follows that the generating function is independent of k and (n;,7;)%,.
First, for any Iy, ny, g1, Io, no, g2 and 17, nf, g, 15, b, g5, Wg((]l,nl,gl), (]g,ng,gg)) and
Wa((11,n}, 4,), (I3, nh, 75)) have the same generating function. To see why this is
true, note that Wa((I1,n1,91), (I2,n2,%2)) and Wa((I1,na, %), (T2, n2, %2), (11, 7, 71),
(15, m%, 7)) have the same generating function by lemma , and W ((I1,nh, 1), (I3, b, 75))
and Wy((I1,n1,91), (Io, n2, %2), (11,0, 71), (I5,mb, 75)) have the same generating func-
tion again by lemma {4| and the symmetry of W,. Finally, W} has the same generating
function for all k& > 2 and for all (n;,7;)f_; € R¥*, since W, has the same generating
function for all (n;,7;)¥,, and we can construct Wj, from W, without changing the

generating function by using lemma {4| iteratively.
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Finally, we show that the constants a; in

k
Wi (L, 1)y (T s ) = f_1<zaif([i))
i=1
have the form a; = 7, *6%.

Lemma 5. In equation (7)), a; = 7} 0% for all (I;,n;, 3:)1t) € R3".

Proof. Using replacement and lemmas [3] and [} we get

k k—1
Wi (I na, 1), - (T s ) = f_l(zaz’f(]i>> =f <b1 > af () + b2f(fk)>
i=1 i=1
(9)
for all & > 2 and (Iza N, gi)f:l S Rik where a; = a(”iu Yiy o ooy Mgy gk)? Ci = C<ni7 Yis -y N1, gk*l)?
by = b(Zf;ll ni,Zf;f gji,nk,gjk), and by = b(nk,gjk, Zf;ll N, Zf;ll Qi) for some func-
tions a, b, and c. By setting I;, =0 fori=1,...,k — 1, we get

k=1 k—1
a(nkv gk? e ) = b(nka gka Z n;, Z yz)
i=1 i=1
for all (n;, 4;)F_, € ]R%f . By scale and population independence, we get
a(Mp, Yrs - - ) = b(7h, Op, 1 — 7, 1 — 0y) = w (g, Ok) (10)

for some function w. Due to symmetry, this result holds true for any . By plugging
back into equation @ and setting /; = 0 for all j # ¢ for some i = 1,...,k — 1,

we get
n; Yi o Z;:ll n; Zi:ll Yi n; Yi
w % =k - | T W % —k - W =1 k-1 _ >
Doici i D Ui doimi i iy Ui i i D Ui

which generalizes to

w(ab, cd) = w(a, c)w(b, d)

for all a,b,d,c € (0,1). Let a = €™, b=¢€"2, ¢ = €™, d = e™. Then, we have
p(x1 + 22,23 + 24) = @(x1, 33) + (22, 74)
for all z1,x9, 23,24 € (—00,0) where p(z,y) = Inw(e”,e¥). By |Aczél and Dhombres
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(1989) Corollary 2 on page 35, we get p(x,y) = c12 + coy which implies w(m, 0) = 716
for all m,0 € (0,1).

Now, using the weak reflexivity, we get
w(tm, td) + w((1 —t)m, (1 —t)8) = w(r, )

or

(t)° (#6)7 + (1 = )m)" (1 = )9)* = 76"

which is equivalent to
2§C1+02 + (1 . t)61+62 =1.

Since the left-hand side is strictly increasing in ¢; + co, then ¢; + ¢o = 1 is the unique

solution. Thus, we have

k
Wi (I, 51),s - (D e, ) ) = fl(zﬂgaeff(fiﬂ

=1
for all k& Z 2 and ([i,ni,gi)le € Rij_k_i_ O

Due to continuity of W}, these results extend to cases where n; = 0 or 7; = 0 for some

7.

A.2 Proof of Proposition

The within-group inequality term in proposition [l] is an arithmetic average of sub-
group inequalities with a Cobb-Douglas weight structure in the subgroups’ income and
population shares. It therefore satisfies axioms 1 through 6. Because generalized en-
tropy indices are means-aggregative, axioms 7 requires that between-group inequality
is zero when all subgroups have equal means. The between-group inequality term in
proposition (1| is equal to aggregate inequality if all incomes are replaced by the rele-
vant subgroup means and is therefore indeed zero if all subgroups have equal means.
Similarly, the between-group inequality term is always constant for given aggregate
characteristics and therefore satisfies axiom 8.

Next, we show that is the unique decomposition for generalized entropy indices
that satisfies axioms 1-8. Let a € R and suppose that GE,(Y) = W(Y) + B(Y) is a
decomposition of a generalized entropy index of parameter o that satisfies axioms 1-8.

Then, by axiom 8, B is independent of subgroup income distributions. Hence, we can
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set GE,(Y;) = 0 for all i = 1,...,k without changing the value of B. By the zero
within-group inequality axiom, W(Y) = 0 and thus B(Y) = GE,(Y). Finally, we get
W = Zle T *0%G E,(Y;) by subtracting B from GE,(Y).

A.3 Proof of Proposition

Let ¢ € R. By equation , the Foster-Shneyerov index with parameter ¢ is €2-
aggregative with (2 containing the gth order moment.

Theorem (1] is satisfied with f(z) = z and o = 0. Thus, satisfies axioms 1-6.
The inequality of power meansm states that power means with different exponents are
equal if and only if all arguments are equal. Thus, between-group inequality in (3] is
zero if and only if all subgroups have equal moments of order ¢, that is, if subgroup
distributions are 2-equivalent. Thus, axiom 7 holds. Finally, the condition in axiom 8
never holds for any Foster-Shneyerov index with ¢ # 1, and in the case of ¢ = 1, the
index and the decomposition coincides with the generalized entropy index of parameter
a = 0, which is shown to satisfy all axioms in proposition [Il Thus, axiom 8 holds.

For uniqueness, let F'S,(Y) = W(Y)+B(Y') be a decomposition that satisfies axioms
1-8. Now, consider a case where all subgroups are (2-equivalent, that is, all subgroups

have equal ¢g-means. By axiom 7, between-group inequality is equal to zero and we get
W = FS,(Y). Using equation (3)), we get

=Y mFS,(Y;) =

for all m; € [0,1] and F'S,(Y;) € R,
Using theorem [1} we get

(Zwl e f (FS,( ) ZmFS

or

Zwl oo f(FS,( (ZmFS ) (11)

for all m; € [0,1], 6; € [0,1], and F'S,(Y;) € R, where f is a strictly monotonic function
with f(0) =0 and a € R. Since cf gives the same W as f for any ¢ # 0, we can assume
f(1) =1 without loss of generality. By setting F'.S,(Y;) = 1 for some i and F'S,(Y;) =0

65ee e.g. Theorem 1 on p. 203 in Bullen| (2013)
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for all j # i, we get 1 *0% = f(m;) for all 7;,0; € [0, 1]. Thus, we must have o = 0 and
hence f(x) =z for all z € [0,1]. Now, equation becomes

S mI(FS, (V) = (Y mFS, (). (12)

for all m; € [0,1] and F'S,(Y;) € R;. The only strictly monotonic solution to equation
is f(z) = ax for some a # (7] With normalization f(1) = 1 we get a = 1, and
thus W =Y. mFS,(Y;) and B = FSy(pq,ittn,)-

A.4 Proof of Proposition

Suppose that A.(Y) = W(Y)+B(Y) is a decomposition of Atkinson index of parameter
¢ that satisfies axioms 1-8. Since Atkinson index for any € < 1 is a monotonic transfor-
mation of a corresponding generalized entropy indices, it is means-aggregative. Thus,
by axiom 8, we get that B is always independent of subgroup income distributions.
We may thus redistribute incomes such that A.(Y;) = 0 for all i = 1,...,k without
changing the value of B. Hence, we get B(Y) = A.(Y), where Y is derived from Y by
replacing each individual’s income by the respective subgroup mean. By subtracting B

from A., we get

1

(Zﬁ@l ) (Zﬁ@l “(1- A )1—€>

Now, W does not satisfy axiom 6 (replacement), which is a contradiction. Thus, there

is no decomposition for Atkinson indices that satisfies all the proposed axioms.

A.5 Proof of Proposition

Transfers that increase subgroup inequality by the Lorenz criterion shift the subgroup
Lorenz curves outwards so that the pre-transfers Lorenz region are subsets of the post-
transfers Lorenz regions. Since the Minkowski addition is monotonic, that is Vol(A &
B) < Vol(A® B) if AC A and B C B, such transfers also shift the population Lorenz

curve outwards. Hence, the aggregate Gini coefficient must increase.

see |Aczél (1966).
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A.6 Proof of Proposition [6]

The inequality follows directly from the Brunn-Minkowski theorem.

A.7 Proof of Proposition

In the proof, we use a following lemma.

Lemma 6. There exist two distinct distributions that share the same moments and

Gine coefficients, which are all finite.

Proof. Let X, be a distribution with density function

1 _ (n@)?
—e 2

o)\ T
/o X[0,00) z

that depends on parameter c¢. Note that X is the lognormal distribution corresponding

fe(x) = (1 + esin(2m In(2)))

to parameters p = 0, 0 = 1. It can be shown thatlr_gl for ¢ € [—1,1], all moments of X,
are finite and do not depend on ¢. We need to show that the Gini coefficients of X, are

equal for two different values of ¢. Since the Gini coefficient can be written as
1
G=1- 2/ L(F)dF,
0

it suffices to show that fol L.(F)dF is equal for two different values of ¢, where L, is
the Lorenz curve of X..

Since

L(F(z)) = & /0 e

0

where p does not depend on ¢, we need to show that there exist two distinct values of

1 pF1(2)
A, ::/ / tfe(t)dtdz
o Jo
are equal. Now,

1 pFl(x) 1 pFl(x) 1 (1n(£))2
A, = / / tf.(t)dtdx = / / (14 csin(2rln(t)))—==e 2 dtdx
0 0 0 0

27

¢ for which

1 o rl (n(1)?
= — 1+ecsin(2r1n(t)))e” 2 dxdt
V2T /o /F(t)< ( 2

18See, for example, [Schmiidgen| (2017)).
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1 ° ¢
- E/O (1+ esin(2r In(6)e "5 (1 = F(¢))de
1 [ n)? ! 1 1 _ne?
= — 1+ csin(2mIn(t)))e” 1—/ 1+ ecsin(2rln(x)))———-€ 2 d:v)dt
= [ esnrmno)e (1 [ (4 csinering) e
1 [ (In(1)? In(?) 1 2
= — 14 csin(2min(t)))e” 2 1—/ 14 csin(27s e 2ds |dt
= [ esimemme = (1 [T ciners) e Tas)
1 OO 22 z 1 52
= —/ (14 csin(27z))e” 7 €” (1 — / (14 csin(27ws)) e2d5) dz
21 J-—x —0 2m
1
= (a+ be+ dc)

o0 2 1
a= e 1— -3 ds dz
/oo < /oo V 7T >
o0 o0 2 V4 1 52
b= sin(27z)e” T ezdz — sin(2mz)e T e e 2dsdz
/oo ( /oo /oo Vv 27
— e‘éez sin(27ms -3 dsdz
/oo /oo ( ) V 27T

e 22 z 1 52
c= sin(2wz)e” 2 e* sin(27s e 2dsdz.
/oo ( ) /oo ( ) V2T

Now, if b = 0, then we have the result since either d = 0 and A, does not depend on ¢
ord#0and A. = A_, for any ¢ € [—1,1].
First, note that

oo 52 oo oo
/ sin(?wz)e‘2ezdz:/ sin(2mz)e” 2(==1)7 eédz:eé/ sin(?wx)e_%($)2dx:0

o0 o0 — 00

as an integral of an odd function. Thus,

o0 22 z ]_ S2 e 22 # ]. S2
b= / sin(2mz 6262/ e 2dsdz —/ e2ez/ sin(27ms e 2dsdz
. (2mz) T - - (27s) o
[oe) z g2
= —¢? / / e’%(z’1)2e’?(sin(2ﬁz) + sin(2rs))dsdz

7e 7 (sin(2mz) + sin(27s)) dsdx

Il
|
)
NI
——
— 8 8
N
x
Q\
M‘&m

1 b :c2 z+1)2
= —e2 / / e T e (sin(2mz) + sin(27(x + t))) dadt
1 ]
= —e? / e it / e~ (ot3t)? (sin(2mz) + sin(27(x + t))) dadt
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— e / /OO ~(et51)” (2sin(rz + 7(x + t)) cos(rz — (m(z + t))))dzdt

o0

1 oo
= — é/ / —+y t) (sin(27(z + 3t)) cos(—mt))dzdt

o

— ez et cos(— 7rt)/ e~ sin(2ms)dsdt = 0,

since f_oooo e sin(27s)ds = 0 as an integral of an odd function. ]

Suppose there exists a set 2 of m € N moments such that the Gini coefficient is €2-
aggregative. Suppose Y] and Y; are distinct distributions that have the same moments
and the same Gini coefficients. Then Y; and Y5 have distinct Lorenz curves. Consider
a population partitioned into k£ subgroups such that each subgroup has distribution Y}
and denote the set of k subgroup moments of Y; by 2;. Then, the aggregate Gini co-
efficient of the population is given by G = F(G(Yl), e G, Qe QL ,7rk,).
By Proposition [6] we have

k 2
F(GM),...,G(YV),Q,..., Qi .. ) = (Z meic;(yl)) — G(T),

=1

since subgroup Lorenz curves are homothetic and 6; = ; for all 7.

Next, consider another population partitioned into subgroups, where one subgroup
has distribution Y; and the other subgroups have distribution Y5, and let G denote the
aggregate Gini coefficient of the population. Since the subgroup Gini coefficients and

moments are the same as before, we have

G:F(G(H),...,G(}q),gl,...,Ql;’ﬂ'l,...,7Tk) :G(}/l)

But since the subgroup Lorenz curves are not all homothetic, then Proposition [6] theo-
rem implies

G > GW),

which is a contradiction. Therefore, the Gini coefficient is {2-nonaggregative.

A.8 Proof of Proposition

Let us first show that the decomposition with within-group inequality term satisfies

1

all the axioms. Since the within-group inequality term satisfies theorem |lf with a = 3

and f(z) = 22, then it satisfies axioms 1-6.
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As the Gini coefficient is 2-nonaggregative, subgroup distributions are 2-equivalent
only if they are the same distribution. In this case, all subgroups have equal Gini
coefficients and income share of each subgroup equals its population share. Then, both
aggregate Gini coefficient and the within-group inequality term in are equal to the
common subgroup Gini coefficient. Thus, between-group inequality is equal to zero and
axiom 7 holds.

Bhattacharya and Mahalanobis (1967) show that the aggregate Gini coefficient can
be written as

G(Y)=> mbiG(Y;)+G(Y)+R, (13)

where Y is derived from Y by replacing each individuals income by the relevant sub-
group mean and R depends on the amount of overlap between distributions and is zero
if and only if there is no overlap in incomes between subgroups. Hence, the condition
in axiom 8 holds only if there can be no overlap in subgroup incomes. It is possi-
ble to create overlap with within-group transfers that keep subgroup Gini coefficients
constant whenever two distributions have both positive population share and income
share. Thus, Gini coefficient is means-aggregative only in the case of only one group, 7,
having both non-zero population share and non-zero income share. In this special case,
equation reduces to G(Y) = m;0,G(Y;) + G(Y) and the within-part in equation
reduces to GV (Y) = m;0;G(Y;). Therefore, we get that GB(Y) = G(Y), which is
constant under fixed aggregate characteristics. Hence, axiom 8 holds.

We next show that is the unique within-group inequality term for the Gini coef-
ficient that satisfies axioms 1-8. Suppose W is a within-part for the Gini coefficient that
satisfies all eight axioms. First, by theorem , W(G,...,Ggynay o s Mgy U1y -, Ui) =
f*1(2f21 T 02 f(Gy)), for all (Gi,n;, 7i)%, € R, where f is a strictly monotonic
function with f(0) = 0 and o € R. Since ¢f gives the same W as f for any ¢ # 0, we
can assume f(1) = 1 without loss of generality.

Now, if there is only one group, j, with both non-zero population share and non-zero
income share, then by axiom 8 and equation ([13]), we get

W = f=1(m; 707 f(G(Y;))) = m;0;G(Y;)

J

for all 7;,6;, G(Y;) € [0,1]. By taking f of both sides, we get

™0 F(G(Y;) = f(m0,G(Y))) (14)
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for all 7;,0;, G(Y;) € [0,1]. Further, by setting G(Y;) = 1 we get
A0 = f(m0,) (15)

for all 7;,0; € [0,1]. By setting m; = 1 we get f(z) = a* for all z € [0,1] and by
setting ; = 1 we get f(z) = 2!~ for all z € [0,1]. Thus, we have @ = 1 — a which
implies o = £ and f(z) = 22 for all 2 € [0,1]. Therefore, the decomposition with the
within-part GV (Y) = (X1, \/W(YZ))2 is the unique decomposition for the Gini

coefficient that satisfies axioms 1-8.

A.9 Proof of Proposition

Randomly permuting the group affiliations of a random sample of an infinite pop-
ulation is equivalent to replacing the incomes of that sample with a random draw
from the aggregate income distribution. Equivalency between these two operations
is a direct consequence of the anonymity property of inequality indices. That is,
I(P(y1,...,yn)) = I(,-..,ys) for any permutation P. To prove proposition [§] it

is useful to first prove the following two lemmas.

Lemma 7. In an infinite population partitioned into k subgroups, drawing a random
sample (with mass greater than zero) from the population and assigning the sampled
observations to a new subgroup increases the within-group inequality term of the Gini

coefficient (while keeping the aggregate Gini coefficient constant). That is,

GW((Gl, (1 —a)m, (1 —a)by),...,(Gg, (1 —a)mg, (1 — @)by), (G, a, a))
Z GW((Gl,Wl, 91), ceey (Gk, Tk, Hk))

for all G, m;,0; and o € (0,1].

Proof. Using the definition of the within-part of the Gini coefficient in equation (4} and

the Brunn-Minkowski theorem, we get
GY ((Gr, (1 = a)my, (1 — a)b1), ..., (Gr, (1 — @), (1 — @)by), (G, v, @)

(1—a Z\/WT—FQ\/G—)

<1_QZW+QZW)

=1
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M=

=(_W)2

= W( G177T1791 (Gk,ﬂ-k,ek)>

]

Lemma 8. Splitting a subgroup into m > 2 subgroups weakly reduces the within-group

iequality of the Gini coefficient. That is,

GW((GIJ 71, 91)7 sy (Gk7 Tk, 616))
> GW((éh aimy, a191), ceey (ém7 AT, amel)u (G2, T2, 92), Sy (kaﬂ—kn Qk)),

for all G;,m;,0;, where G; = G(Y}), G, = G( ) fori=1,...,m with Y} = Y, UY, U
.UY,,, and Z;n:l a; = 1. Equality holds if and only if Yl,f/g, ... Y., are identical

distributions.

Proof. For the ease of notation, we prove the lemma for the case m = 2. Other cases
are shown analogously.
Let Y7 be the income distribution of subgroup 1 and let }71 U }72 Let 1~\1 and [\2 be

the Lorenz areas of 371 and 5?2 Now,

VOI(Al D ]\2) = VOI<A1) = (77('1 + 7%2)(61 + ég)G(}}l U }72),

where 7; = %% and 6, = “291 for i = 1,2. By the Brunn-Minkowski inequality

1+
Vol(A, @ Ay) > (\/mHlGl + \/meQGQ)

where the inequality holds as equality if and only if the Lorenz areas of groups 1 and 2

are homothetic, or if the distributions are identical. Thus,

GW((Gl, m1,01), (Ga, ma, 92))

\/7T1¢91G1 + \/7T2(92G2>

/Vol(A; @ Ry) + \/01(1\2))2
VABGE + J5hGE + VrbhGl )
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— GW((él, a7y, &191), (ég, a7y, a292), (GQ, T2, 92)),

with equality holding if and only if subgroups 1 and 2 have identical distributions.
O

Let G denote the aggregate Gini coefficient. Now, by the subgroup replication

principle, we have

GV ((G1, (1 — a)my, (1 — a)by), ..., (G (1 — a)mp, (1 — a)b), (G, o, )
=G"((G1, (1 —a)mi, (L —a)by),..., (G (1 — a)my, (1 — a)bk), (G, amy, am), . .., (G, amg, amy)).

Let G; denote the resulting Gini coefficient after 1 — a sample of subgroup i’s
distribution is merged with am; sample of aggregate distribution. By lemma (8, merging
any two groups must strictly increase within-group inequality unless the two groups

have the same distribution of income, Thus, we get

GW((GI, (1 —a)m, (1 —a)bh),...,(Gr, (1 — a)mg, (1 — @)by), (G, ary, am), ..., (G, ary, 047Tk))
S GW((éh 1, 91), ey (ék,ﬂ'k, 91@))

Equality holds only if all subgroup have the same distribution of income. As the
aggregate Gini coefficient is unchanged while the within-group inequality term increases,

between-group inequality must decrease.

A.10 Proof of Proposition [9]

We consider a redistribution scheme in which any income y; is replaced by an income
Ui = yi — aly; — p) for a € [0, 1]. Let G denote the Gini coefficient after this operation.
First, note that the redistribution scheme reduces the aggregate Gini coefficient by «a

percent.

- _ E[lgi — 5]
G = o
E ||y — alyi — 1) = (95— aly; — )]
_ ¥
—(1- Q)EU%‘ - Z/j”
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Now, it is easy to see that within group inequality also decreases by « percent under
this redistribution scheme.

7Tm\/ Iyzu H)2
(;ﬁf
= (1-a)GV

where 6, is subgroup m’s income share after the replacement of incomes. Finally, since
both the aggregate Gini coefficient as well as the within group term decrease by «

percent, it must be the case the the between group terms also decreases by « percent.

A.11 Proof of Proposition

Note that the within group inequality term can be written as follows.

- (zm)

<Z\/ ryz H)2

- <Zﬂm _EmU?/Qiu— yjﬂ )2

m

But since lump-sum transfers between groups affect neither the mean absolute difference
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within groups nor the mean income in the population, it follows that such transfers do

not affect within group inequality.

A.12 Proof of Proposition

Scale invariance follows directly from the scale invariance of the within-group inequality
term and the inequality measure itself. To show translation invariance, note first that
due to the arithmetic definition of the Gini coefficient in , adding some fixed amount
z to each income in a population with average income equal to p decreases the Gini
coefficient by a factor of yu/(i 4 z). Let G; and 6; denote the Gini coefficient and the
income share of subgroup ¢ after translation. Within-group inequality after translation

can then be written as follows

Within-group inequality also decreases by a same factor of u/(u + z). Hence, the ratio

of within-group inequality to between-group inequality remains unchanged.
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